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Physics-Informed Proper

Orthogonal Decomposition
for Accurate and Superfast
Prediction of Thermal Field

Thermal field prediction has garnered ever-increasing attention as an urgent and vital issue
in broad applications ranging from thermal management, performance prognosis, lifetime
evaluation, and safety assessment, to energy conversion and carbon neutrality. Suffering
from the huge amounts of data and iterative iterations, traditional full-order prediction
methods are overstretched for rapid predictions and analysis of complex physical fields. In
contrast, reduced-order methods, like proper orthogonal decomposition, can tackle such
issues with accelerated computational efficiency but predictions and design may be
physically inconsistent or implausible. Here we develop a physics-informed proper
orthogonal decomposition for the acceleration of thermal field prediction. By introducing a
unified index matrix to reduce the amount of processed data and to uniform the physical
equations with the reduced-order equations, we achieve accurate and superfast predictions
of thermal fields for unstructured grid, validated by typical complicated spray cooling
experiments. The amount of data to be processed achieved a reduction of ten million times,
with a maximum computational speedup of 101 times. The physics-informed proper
orthogonal decomposition framework is demonstrated to be highly efficient and accurate
and can be extended to address a wide range of scientific and technological applications
beyond thermal field predictions. [DOI: 10.1115/1.4068266]

Keywords: electronic cooling, heat and mass transfer, jets, wakes, impingement cooling,
thermal systems

1 Introduction

Dramatically increased heat flux due to the high-performance
demands poses a threat to electronics. Thermal monitoring and
prediction of sophisticated electronic devices is often challenging
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which ensures components protection against high thermal load
[1-3]. The most common way of obtaining thermal information is
direct measurement by invasive experiments, while significant
resources are expended to develop complex test equipment and
record excessive data. As a result, there is a growing interest in
developing computational algorithm of thermal field [4,5]. Tradi-
tional computation tools, such as finite element methods (FEM) and
computational fluid dynamics techniques as full-order methods, can
certainly be used for thermal field calculation, while the computa-
tional costs are vast. The efforts on computational algorithm
amelioration have been ongoing and the difficulty of realizing this
goal cannot be overstated [6-9].

In order to accelerate calculation, great efforts have been
conducted to preserve the character and structure of the original
problem while reducing the magnitude of the system [10,11]. As a
result, the reduced order models (ROMs) were introduced into the
simulation such as Krylov approximation method, balanced
truncation method, and orthogonal decomposition reduced order
model [12,13], among which the proper orthogonal decomposition
(POD) reduced order method has attracted great attention benefiting
from the high computational efficiency. In this regard, it must be
recognized that low computational cost is only one of the advantages
of POD. The self-adaptation of the construction of basis modes
makes it easier for POD to deal with nonlinear problems or to be
coupled with other disciplinary analyses. POD was first raised in
1901 and shined in the field of fluid flow analysis [14]. However, for
quite a while, POD was exclusively used for data handling and
feature extraction in statistics and meteorology where physical
mechanisms were ignored [15,16]. After deepening the mathemat-
ical and physical understanding of the POD methodology, the
algorithms for POD have been optimized with enhanced stability
and computational efficiency [17-25], which has been revealed to be
mostly associated with the selection of snapshots and modes. As
such, the POD was used in predicting physical trends in the context
of flow mechanics [26,27], thermodynamics [28—30], and structural
dynamics [31]. Especially in the field of thermal analysis, POD was
employed to analyze the coherent structures of thermal flow field
[32], the energetic flow structures, and the boundary conditions
through the PIV images and simulation data [33-36]. Afterward,
thermal fatigue stresses and enhanced heat transfer modes are
elaborated deeply in the field of film cooling [36], jet impingement
cooling [37], and turbulent pipe flow [38]. Regrettably, most of them
conduct repeated calculations or calculate steady-state results under
different operating conditions which do not meet the need for timely
transient prediction required by electronics monitoring and
prediction. In recent years, Galerkin projection and finite volume
method (FVM) [39-46] were utilized to refine and extend the POD
method by extrapolation calculations in the research of lithium-ion
batteries [39], micro-electronics chips [40], robot [41], and data
centers [44,45]. Such methods usually contain four parts, namely,
snapshot acquisition, order reducing, extrapolation, and reconstruc-
tion which remain separation and limits the computational speedup
and the application areas of the methodology. Furthermore, in the
thermal analysis region, most of the studies still focus on the effect of
flow field on heat flux without thermal field calculation. Purely data-
driven models such as image analysis may fit observations very well,
but there’s no physical basis for that. Therefore, there is a pressing
need for integrating fundamental physical laws and domain
knowledge to POD extrapolation method. In particular, the treat-
ment of unstructured grids required for three-dimensional complex
structures is crucial in POD.

The potential combination of POD, which finding the dominant
modes of variation in a given dataset, with FVM for the dynamics of
the temporal predictions, is a powerful tool that can be employed to
model complex thermal field of electronics with a higher level of
accuracy and speed. Given this reason, here, we present physics-
informed proper orthogonal decomposition (PIPOD) and introduce
unified index matrix (UIM) to quickly and accurately predict the
three-dimensional complex thermal field. The PIPOD is a promising
tool for learning complex temporal dependencies of thermal field
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and capture long-term trends in the data. The proposed UIM
connects four parts of POD extrapolation method tightly and the
ensuing double-order reducing accelerates the model throughout the
process. To validate the applicability of PIPOD, we experimentally
investigate the thermal field of sophisticated spray cooling system
which is one of the most advanced cooling technologies [47,48] and
compare the temperature consistency with the prediction by PIPOD.
The results confirm the accuracy and great increase in speed of
PIPOD. PIPOD has also be proved to contribute to the rapid
development of customized thermal management systems. The
thermal field reduced-order and prediction framework proposed
here can be extended to interdisciplinary challenges.

2 Material and Methods

In the proposed algorithm, we introduce the unified indexing
matrix (UIM) and implement the double order reducing for whole-
process acceleration based on POD. We integrate (temperature) data
and mathematical models and embed physics into POD. The
principles of the methods and the way they are coupled to each other
will be described in detail in this section and see Supplementary
Materials on the ASME Digital Collection for more information
about the model setup.

2.1 Proper Orthogonal Decomposition. Proper orthogonal
decomposition is a reduced-order method that originated from
statistical analysis of vector data. In the POD method, low-
dimensional data are used to describe the complex high-
dimensional spaces based on the selected orthogonal basis.
Assuming that the snapshot of the original physical field is U(x,t),
which is a snapshot containing the spatial and temporal
characteristics.

Uyt Unypy  Uxgp Uy, 1y
Uit Unsty, Uxyty Uy, 1y

U(x, [) = | Uxs Unyrs  Uxss Uyt (D
Ui Uy Uy Uy

The J is the total number of measurement points and the / represent
the total number of snapshots.

As mentioned before, the original physical field is approximated
using the selected orthogonal bases. And an approximate solution U’
expressed as

U = zn:%‘(/’i 2)
=1

The o; denotes the coefficients of POD basis, ¢; denotes the POD
basis, and n denotes the number of POD basis. The POD bases are
mutually orthogonal property:

0 i#j

Due to its advantages in identifying nonlinear features, maintaining
numerical stability, and ensuring computational efficiency, SVD is
employed in this study. The original physical field matrix U can be
present as

U=szv’ Q)
where S and V are real orthogonal matrices, X is a diagonal matrix
with non-negative real elements on the diagonal.

Specifically, when the physical field is the thermal field, Eq. (2)
can be expressed as
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In this work, the x denotes the grid number and t denotes the time.

The T'(x, 1) is the approximation of the temperature matrix and
the optimal POD bases need to be found. Based on the second-order
paradigm, the error E between T (x, ) and T"(x, 1) is

(0 = T )" (D) = T' ()
%) T %)
< Z Ofi(f)q’i(x)) : ( Z “i(’)(/)i(x)) o)

i=n+1 i=n+1

(=)

According to Eq. (6)

E

%(t) = ;(x)"T'(x,1) ®8)

Therefore, error E can be expressed as

Z oI (x, )T (x,1)" ;
i=n+1

= S T T ) o, ©)

i=n+1

Then, the covariance matrix R is defined as

R(x.0) = [T’ (x0T (x.1)"] (10)
As a result, the error E
oo
E= )" ¢/R(x.0)p, (11)
i=N+1

The search of optimal POD basis is transformed into the problem of
minimizing error E. The Lagrange multiplier /; is introduced and
construct for the Lagrange function

Z OTR(x,1)¢p E Jilplg; — 1) (12)
i=n+1 i=n+1
After taking the derivative of Eq. (12)
Qi R(x 1)p; = i (13)

The energy of POD basis can be displayed by /;. Up to this point, we
have completed the first-order reducing.

2.2 Governing Equations. The PIPOD is a method combined
with physical governing equations required for the solution of
physical parameters such as the velocity field, pressure field, and
thermal field. In this section, the thermal field governing equation
and the optimization process are presented.

There are three mechanisms by which heat can transfer through
regions, namely, conduction, convection, and radiation heat trans-
fer. The basic principle is shown below:

3T

cond,x — 14
Geond, Bx (14
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qconv = hA(Tw - T:)o) (15)

4 4
qr=¢a(T} = T5) (16)
Taking the two-dimensional unsteady-state heat conduction transfer
as an example, the heat conduction equation is

gfj ﬁ+ﬂ +
o oz Tar) T

where the p is density, ¢ denotes the specific heat, / is the thermal
conductivity, and s denotes the internal heat source.

Based on POD-Galerkin method, the POD bases are introduced
into the heat conduction differential equation

pc a7

8T o’T T
“a? ”(aﬂ‘”az(”)“(” 1%
Discretizing the equation gives
Tk _ Tk—l aZTk—l aZTk—l
0 =) 19
e P g2 Pt 52 ¢ + 50 19)

Bringing Eq. (6) into Eq. (19), the system of algebraic equations can
be simplified as
Ko =P (20)

where the of is the column vector consisting of n POD basis
coefficients at the k time-step, K’ isan x nmatrix, and P’ is a column
vector with N elements. Then, the thermal field can be predicted by
Eq. (8).

The finite volume method and its implicit differential format are
applied in this study. Therefore, the stability of the solution is
guaranteed.

1

Tp=
P 1+F0A2apx

spAt
(FOA Zapr)]? + T}l;—l + —);C > (21)

where Fox = AAt/pcV is the grid Fourier number, which can be
used to judge the convergence of the display format, and the V/
denotes the volume of the grid. apy = Spx/dpx represents the ratio
of interface area and distance between node P and adjacent node X.
Obviously, apy is different from the control points of the four
adjacent grids in the unstructured tetrahedral grid where the
coefficient of Foy is 4. If the Foa /At — oo and the time signature
(k) is removed, the interior node equation for the two-dimensional
steady-state heat conduction problem can be obtained.

However, the temperature values of all nodes at the current
moment must be calculated at the same time, i.e., a system of
algebraic equations need to be solved associatively for all control
points at moment k. The computational cost increases dramatically
compared to the display differential format. We propose a unified
matrix to fix this issue, and it will be discussed in Sec. 2.3.

2.3 Establishment of Unified Indexing Matrix and Realiza-
tion of Double-Order Reducing. As demonstrated before, POD
basis ¢ is in vector form while the governing equations of heat
transfer are both in scalar form. The prerequisite for applying POD-
Galerkin method is that all the equations should be harmonized into
matrix form. On the other hand, solving the implicit differential
format equation based on FVM method needs many thermal
parameters and specific grid information. Repetitive parameter
reading and grid traversal calculations are extremely time-
consuming. For the first time, we propose a unified indexing matrix
M to solve this problem once and for all.
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At first, we take advantage of the sparse matrix to create a matrix
M, with all zeros in all regions except the diagonal. We then go
through the process of numbering the different grids and obtaining
the positional relationships between the different grids. The
positional relationships between the grids are stored by assigning
values to M, and a new matrix is obtained, namely, My’

-1 0 O 0
0o -1 0 0

My=| 0 0 -I 0 22)
0 0 0 —1

where M is a z X z matrix and z denote to the number of grid.

The relative positional relationship between the grids is achieved
by assigning a value of 1 to the matrix. Then, the thermal parameters
and the specific grid information are waiting to be added.

The unstructured grid is different from the structured grid. The
thermal parameters and the specific grid information of unstructured
grid may be different for each grid. It cannot be given just one
coefficient for all information. We proposed a coefficient p to
describe all needed information for each grid, and the format for yin
different conditions are derived by combining and arranging the
coefficients of the governing equations to be solved.

When the grid is on the boundary of the structure

KS

(s .

When the grid is inside the structure

B KS
M7V<%+AX1)

(24)

. . First order r cing
Time domain First order reducing
(Data)

T

Extract

‘Generate

POD modes

4 4 4

Snapshots Temperature matrix

Fig. 1

93 Pu1 Pu

where «, A, and & are thermal diffusion coefficient, thermal
conductivity, and heat transfer coefficient, respectively. The Ax, S,
and V represent the center-of-mass distance of grids, area, and
volume. We choose two neighboring grids as examples in Eq. (24)
corresponding to the indices “1” and “2,” respectively.
As aresult

M = uMy' (25)
The proposed unified indexing matrix M contains the necessary
thermal parameters and the grid information in one matrix. Using M
to store information not only saves space but also makes it simple
and clear to get the relative positions of different grids. Therefore,
the problem of solving differential equations of complex structures
with a large number of grids and material properties can be fixed.
And the governing Eq. (21) can be written as:

T =MT' +F (26)
The POD-Galerkin method can be used between matrices
oT" = oMo' oT*" + oF @7)
The reduced-order extrapolation equation
o =Ko+ P (28)

In this part, we finish the second-order reducing process which aims
to reduce the order of the system of equations. The double-order
reducing of PIPOD is achieved through the unified indexing matrix,
which greatly reduces the computational cost and unifies the FVM
method and POD method. What’s more, the utilization of the unified
indexing matrix greatly reduces the amount of data that needs to
be stored for the computation, further reducing the computational
cost.

Second order reducing

; Time domain
(Equations)

a(th a(t+t'),

a(t) a(t+t)
. . {

. .
q

at(;),l a(t.+t'),,

Extrapolation temperature matrix

E' Sparse matrix

Thermal parameters
‘ A o p ¢
Position information

” p &y s v

Overall workflow of the proposed physics-informed POD. Mrefers to the unified indexing matrix, ¢ refers to the POD basis,

and « refers to the coefficient of POD basis. A 2D snapshot of the spray cooling module is shown as an example and the actual
snhapshot matrix contains temperature field data in 3D. We plot a schematic of the normalized temperature field as an example for
the first five POD bases. On the bottom line, the schematic of the extraction stage is given in 3D space and the form and content of

the UIM are given.
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2.4 Workflow of the Proposed Physics-Informed Proper
Orthogonal Decomposition. The workflow of the proposed
method for thermal field prediction based on PIPOD is shown in
Fig. 1, which concludes collecting snapshots for temperature matrix
T in time domain, extracting the POD basis and the coefficients of
POD basis, extrapolation of the coefficients of POD basis, and
reconstruction of temperature matrix 7 in the future time domain. It
is worth noting that we take the finite volume method in implicit
differential format as solution to get comprehensive temperature
field snapshots to create the initial snapshot matrix for order
reducing. Especially, we introduce the unified index matrix M
containing the thermal parameters and the specific grid information
into the temperature matrix. The M can significantly reduce the
computational cost by cooperating with sparse matrix and reducing
the number of iterations. More importantly, the physical equations
are successfully coupled with the POD.

The solution f(-), representing the heat transfer relationship
between grids in time domain. The heat conduction is expressed as
feona(#, 1) and the heat convection is expressed as feony (£, 1¢'), where
# denotes time of the cycle i, 1 denotes the coefficient of unified
index matrix M. A temperature matrix T in time domain can be
assembled by the joint solution of feond (, 1) and frony (£, 1). After
the temperature matrix has been generated, we use POD to
decompose it to obtain the POD basis and the coefficients of POD
basis. POD bases are a set of mutually orthogonal vectors, and
unlimited basis can be generated theoretically. The greater the
number of POD bases, the more information obtained about the
original system and the more accurate its reconstructed system will
be. Higher-order bases tend to contain higher energy and more
information. The accumulated energy /(N, G) is used as a criterion
for the selection of bases. The eigenvalues of the real symmetric
matrix R are arranged from the largest to the smallest, and select the
first N largest eigenvalues in order to minimize the sum of the
truncated unreserved eigenvalues G. The process of extraction is
shown in Fig. 1, and the numerous separated data are projected onto
mutually perpendicular bases. For a given set of POD bases, they
will not change over time. We extrapolate the coefficients of POD
basis through the UIM. Note that the UIM used here is in the
reduced-order extrapolation format after multiplication with the
bases. This is a formal unification of physical equations. The newly
obtained coefficients of POD basis are multiplied with the original
bases to reconstruct the future temperature field.

Obviously, the key to improving computational speed lies in order
reducing and UIM. In order to express the principles of acceleration
more clearly, the trends in total amount of data with each stage of
PIPOD are shown in Fig. 2. We take group no. 2 as example and
temperature data for the first 600 s as snapshots. The extrapolated
predicted temperature field up to 2000s. The amount of data here is
calculated according to the data storage in the form of matrices. If we
define a matrix with m rows and n columns, we assume it will contain
m x n data in all. The reduction in data amount is huge as the
maximum data amount reaches 7,1780,9400 and the minimum data
volume is only 11 throughout the PIPOD calculation. Essentially,
we put the most time-consuming part of the computation in the stage
with the lowest amount of data, namely, the solving of the fuona (£, 1¢')

and foony (#, 1¢). Tt is also at this stage that we achieve a reduction of
the physical equations, eliminating the need to repeatedly solve huge
systems of equations. A process that previously required iterative
grid-by-grid calculations now requires only the calculation of the
coefficients of POD basis for extrapolation. We apply a minimum
amount of force to move a heavy weight.

3 Results

3.1 Optimal Estimation of Snapshots, Mode Sets, and
Frequencies of Snapshot Sampling. Establishing the above
workflow for complex thermal field prediction, we need to further
adjust the parameters of the algorithm to make it more stable and
efficient. In PIPOD, the snapshots, frequency of snapshot sampling,
POD bases, and POD basis coefficient play different roles in the
method. As mentioned before, PIPOD contains four parts of
snapshot acquisition, order reducing, extrapolation, and reconstruc-
tion. The proper combination of above four parameters contributes
to the prediction of the thermal field and facilitates coupling to the
physical equations. The advantage of POD essentially comes from
the omission of secondary information. Thus, there is a coupled
competitive relationship. The larger information the samples
(snapshots) have, the more comprehensively the changes in the
original system are captured, which means more experimental and
simulation resources will be consumed. In the present study, it
means that the longer temperature needs to be recorded. On the other
hand, as mentioned above, the more the POD basis, the more
accurate the reconstructed and extrapolated system is, while the
more computational cost will be consumed.

Consumption of computational resources will lead to the increase
in time. In order to find the optimal modeling framework, we choose
three different snapshots to decompose which conclude 200's,400s,
and 600 s long temperature data and four frequencies of snapshot
sampling including 1, 2.5, 5, and 10. And five POD basis sets are
selected according to the accumulated energy /(N,G) of 99%,
99.9%, 99.99%, 99.999%, and 99.9999% (see Supplementary
Materials on the ASME Digital Collection for details). Figure 3
illustrates the computational cost of the proposed algorithm based on
above three parameters. All the simulations are conducted under
standard case (see Supplementary Materials) and extrapolated to
2000s. Order reducing paves the way to make the huge volume of
data to a considerable order of magnitude. We try to further
accelerate the follow-up process. Overall, the reconstruction is
about one hundred times longer than the extrapolation (Figs.
3(a)-3(c)). The snapshots don’t show apparent impact on recon-
struction part while tiny reduction of extrapolation time is observed
with the increase of snapshots. Similar results are found on the mode
sets. The effect extent of the snapshots and mode set in PIPOD is
now clear. As front-loading parameters, they will continue to be of
little use after the order reducing is complete. This also greatly
improves the anticonformity instability of our method.

While time is independent of snapshots and mode sets, we are
concerned about the accuracy of the calculations. The fis chosen as
2.5 and temperature of three critical points are compared under
experiment, FEM, FVM, and PIPOD with 200s snapshots,

717809400 | Order red

s

Snapshot acquisition
(Partial differential equation solving)

and
extrapolation

600s

307632000

Total amount of data

sassids 8 Data reduced by 3.08x10®

15400
11 |8

11

Reconstruction result 2000s

Data recovery over 7.18x10°

Stage

Fig.2 Trends in total amount of data with each stage
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Fig. 3 The reconstruction time and extrapolation time versus frequencies and mode sets: (a) 200 s snapshots, (b) 400 s snapshots,

and (c) 600 s snapshots

PIPOD with 400 s snapshots, and PIPOD with 600 s snapshots (Figs.
4(a)-4(e)).

All five mode sets are tested. When the accumulated energy of the
mode set is small, the results obtained from the PIPOD will have a
large deviation, especially for short snapshots. Such a problem will
be solved as the snapshot increases or the mode set contains more
energy. Yet, frequency of snapshot sampling presents an entirely
different result. As the f increases, both extrapolation time and
reconstruction time decrease substantially (Fig. 3), accompanying
maximum reduction are 89.1% and 94.9%, respectively. The
reduction of time is not strictly linearly related to the time-step,
which we believe is related to matrix multiplication and to the
accuracy of the time recording. The error between the standard
solution of the FVM and results of the algorithm are used to aid in
demonstrating the effect of f (Fig. 4(f)). Overall, except for mode set
2 which exhibits an unusually high error, while the absolute values
are still within the experimental error. As the mode set increases, the
errors show an oscillating downward trend. And we believe that the

(a)

change of f will not have a huge impact on the accuracy of PIPOD,
while it works in time-saving. As postprocessing stages are used for
PIPOD, it is surprising that there is such a large effect of extrapolation
and reconstruction. Such a coupling description of different
parameters is essential for understanding the origins of PIPOD.

3.2 Prediction of the Thermal Characteristics. Spray cool-
ing is a promising thermal management method relying on the high
speed, dense droplets hitting the hot surface to dissipate heat.
Aerospace, data centers, and many other fields have adopted spray
cooling to meet extremely high heat dissipation requirements.
However, there are two bottlenecks in the technology iteration
process. On the one hand, detecting the temperature field in the
future of electronics is indispensable to accurately assess the
performance of spray cooling and the status of electronics, while
real-time prediction is challenging. On the other hand, the demands
of spray cooling system are different for different devices in
different circumstances, and it is crucial to quickly match the needs

b c
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Fig.4 Thetemperature and errors of three critical points (see Fig. 6 for the exact location) based on experiment, FEM calculation,
FVM calculation, and different snapshots: (a) mode set 1, (b) mode set 2, (c¢) mode set 3, (d) mode set 4, () mode set 5, (f)

temperature errors versus mode set which define as the sum of absolute values of relative errors including points 1-3 and
maximum temperature
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and complete the configuration design in a compact space.
Traditional numerical methods can barely solve these bottlenecks
considering the cost of time. Thus, the PIPOD method offers a
promising alternative to achieve these goals.

In this section, the PIPOD is applied to 21 different cases of spray
cooling (see Supplementary Materials on the ASME Digital
Collection for details) to validate effectiveness. Different working
conditions help to test the stability and applicability of PIPOD. We
established a spray cooling system and conducted experimental
tests. It is also validated in conjunction with previous experimental
results from ourselves and other research teams. Figure 5 gives out
the experimental setup and validation of our algorithm. The
experimental module with high heat flux is used to create diverse
experimental environments and three thermocouples are placed at
critical nodes for temperature measurement (Fig. 5(a)). The
validation of 21 cases for experiment results and calculation results
by PIPOD at the three critical nodes are present in two different
stages, namely, sample and extrapolation (Fig. 5(b)). As we
discussed before, the samples (snapshots) are the origin of POD
bases and the coefficients of POD basis. Vice versa, the obtained
POD bases and the coefficients of POD basis can be used to
reconstruct the original temperature field. Therefore, the sample and
extrapolation stages are both important in demonstrating the
accuracy of PIPOD. In the sample stage, the calculation data are
reconstructed by the POD basis and the coefficient of POD basis
which can reflect the accuracy of mode extraction. In the
extrapolation stage, the data are calculated by PIPOD which can
reflect the extrapolating performance of the proposed algorithm. The
results show that experiments and PIPOD results have a good
agreement with each other in both stages while a maximum relative
error of 5.17% appeared in no. 1 and a maximum absolute error of
6.7 °C appeared in no. 8.

The key to spray cooling system design is finding the law of spray
cooling enhanced heat transfer. Researchers try to optimize

(a) (b)

H Point 1
® Point2
A Point3

Experiment PIPOD
Point 1
¢ Point 2

Point 3

emperature (°C)

=

parameters such as volumetric flux, nozzle-to-surface distance,
and coolant inlet temperature to maximize the heat transfer
coefficient (HTC) or the critical heat flux (CHF). Typically, the
two are considered to be in competition with each other and the
mission is challenging. In addition to this, the design of the thermal
management system, for size, spray orientation, and adaptation to
the electronics, is also very important for an effective system. All of
these tasks require heat transfer models and correlations which can
couple the thermal characteristic parameters with the parameters to
be optimized. It has been a long journey from finding the parameters
to establishing a single point of connection to forming an associative
correlation in two-dimensional [48]. The three most commonly used
parameters are Reynolds number (Re), Prandtl number (Pr), and
Nusselt number (Nu). The reason for the slow progress in this area is
that in previous studies, researchers were only able to fit the
correlation formula by experimentally measuring data points which
is unproductive. The propose of our PIPOD could change that
dilemma. We present the distribution of the Nu for a certain range of
Re and Pr (Fig. 6, color represents the value of Nu) in single phase
regime. With the advantages of PIPOD, the correlation makes the
leap from one unit to whole area. The experimental data are used for
validation. The data points behind Fig. 6 are adapted from Rybicki
and Mudawar [49] and due to the lack of data in the original
literature, we have no way to accurately locate points on the map.
But it can be clearly seen that the values of Nu in the literature for the
same value of Re are in agreement with the values in the map. We
can visualize that the effect of Re on the heat transfer performance is
greater than that of Pr which we needed to count a large number of
indices of Re and Pr to reach a conclusion in the past. Further, the
flow regime is more important than the velocity and temperature
boundary layer thickness. Limited by the dimensions of the plane
that can be presented, we have only given rough results, and further
research is needed in the future to make finer regional divisions.
‘What’s more, this is just one of the applications of PIPOD in thermal
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Fig.5 Experimental setup and validation: (a) schematic of the spray cooling module structure, in which high heat fluxis generated
and (b) measured and PIPOD extrapolated temperature of three critical points under 21 cases. The sample is the 600 s snapshots
(green region), and all cases are extrapolated to 2000s (orange region).
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* Experimental data
¢ Adapted from Rybicki and Mudawar
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Fig. 6 The range of Nu and distribution of all simulated cases

management system design, and there is still a wide world to be
explored.

3.3 Performance of Double Order Reducing of Physics-
Informed Proper Orthogonal Decomposition. The traditional
POD method accelerates the calculation process by omitting
secondary features which is a nonphysical-based calculation. The
proposed PIPOD method combines UIM to achieve double order
reducing, both for the data and the equations. The UIM is not only for
computational speed, it is also a must for combining POD with
physical equations solving. As we discussed before, there are four
stages in POD extrapolation method. The impact of the PIPOD on
each of these four components will be discussed in turn. Although
many previous works have employed FVM, FEM, and other
numerical methods to obtain snapshots, the amount of data that
needs to be processed is completely different from what we are faced
with in electronics or thermal management system. Those are 3D
models containing hundreds of thousands or even millions of grids.
We choose 3 different cases and divide they into nine groups based
on the number of grids (see Supplementary Materials on the ASME
Digital Collection for details). In fact, we have found out that
without UIM, the calculations cannot be executed successfully
under exactly the same number of grids and system hardware
conditions compared to the standard cases (see Supplementary
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Materials). Therefore, the calculations are conducted under the
condition of reducing the number of grids which means the precision
needs to be sacrificed (see Supplementary Materials). Figure 7
shows the comparison of time consumption of PIPOD and the
traditional POD in four stages.

As shown in Fig. 7(a), the UIM plays a significant role in saving
time and the greater the number of grids, the more effective the UIM
is in saving time. The UIM improves computation speed up to 299
times. Figure 7(b) gives the time consumption of remaining three
stages of order reducing, extrapolation, and reconstruction, which are
also accelerated vastly. The total time of the calculations are all kept
under 10s in all cases, and PIPOD shows remarkable acceleration.
Meanwhile, the time required for full process calculations with FVM
is 101 times that of PIPOD based on case 2 (Multiple calculations,
under stable computer conditions). Such an increase in speed is
exciting and opens the door to a large number of potential
applications, in addition to thermal monitoring and thermal design.

4 Discussion

As areduced-order method, POD has been applied to many areas
while the main functions are still image processing and data
analysis. In spite of some explorations in the extrapolation algorithm
and the combination with Navier—Stokes equations based on POD, it
is still very challenging to deal with a complex three-dimensional
model that contains heat and mass transfer. The PIPOD creatively
introduces the unified index matrix into the POD method,
simplifying the numerous physical parameters and complex relative
positional relationships. Double order reducing achieving by PIPOD
not only reduces the amount of data but also the system of equations
to be solved. More importantly, the algorithm described in this work
introduced into the physical mechanism and improved the robust-
ness and generality of algorithm. Eventually, we can rapidly predict
the three-dimensional complex thermal field and the PIPOD saves
thousands of times over traditional methods.

Efficient coupling of mathematical methods and physical
equations has far-reaching implications, which can lead to
complementary strengths. Physics-informed proper orthogonal
decomposition can be leveraged to improve the performance of
POD by learning the physical and mathematical understanding of
the world. The proposal of UIM provides the idea that matrices can
unify not only the complicated parameters but also the form of
equations. In this work, we applied the method on POD and FVM
based on spray cooling system and offered potential application in
thermal monitoring and thermal design. Here, we inherently
constrain the thermal design in single-phase regime due to the
limited understanding of complex bubble dynamics in the two-phase
regime and experimental observational data. It is worthwhile to
extend the method to two-phase regime and other advanced thermal
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Fig. 7 (a) The snapshot acquisition time requirement comparison of PIPOD and the traditional POD method without UIM of
differentgroups and (b) the time requirement of order reducing, extrapolation, and reconstruction stage in PIPOD of different cases
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management technologies. Thus, with the efficiency bottleneck
removed, there are multitude of research directions worth inves-
tigating. More broadly, apart from the Navier—Stokes equations,
continuity equation, and energy equation, other mathematical,
physics, or chemical equations can be introduced such as Maxwell’s
equations, Gauss’s law, and thermodynamic equation. Hopefully,
the PIPOD may fuel fundamental theoretical discoveries and
applications in more fields such as electromagnetism, optics, and
biomedicine.
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