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SUMMARY

Anomalous heat conduction is a non-Fourier phenomenon that typically occurs at the microscale, where the 

mean free path of thermal carriers approaches the system size, but its macroscale counterpart has been lack

ing. Here, we introduce the concept of active thermal metamaterials (ATMs) based on internal source mod

ulation, demonstrating a macroscopic analog to microscale anomalous heat conduction with size-dependent 

effective thermal conductivity, κeff ∝ Lβ. The tunable exponent β from 0 to 1 allows for mimicking various 

microscale anomalous heat conduction phenomena. This approach can potentially ease the design of 

desired-κ materials by adjusting system size, significantly expanding the capability realm of thermal metama

terials and opening new avenues for advanced thermal management and functionalities.

INTRODUCTION

Anomalous heat conduction, as pioneered by Fermi, Pasta, and 

Ulam (FPU) in the context of one-dimensional (1D) nonlinear dy

namics and system thermalization,1 has garnered interest due to 

its rich physics and potential to violate classical Fourier’s law. 

Since then, it has been observed in various low-dimensional sys

tems, including nanowires,2,3 molecular chains,4,5 nanotubes,6,7

nanofibers,8,9 nonlinear lattices,10–12 and even 1D fluids.13 In 

such systems, the effective thermal conductivity κeff typically 

scales with system size l, as κeff ∝ lβ, with different regimes: diffu

sive (β = 0), ballistic-diffusive (0 < β < 1), and ballistic (β = 1) 

(Figure 1A). Macroscale heat conduction is mostly diffusive, 

described by Fourier’s law, as κ is a size-independent constant 

(β = 0) (Figure 1B), while in the microscale, anomalous phenom

ena such as size effect,14 ballistic/diffusive crossover,15–17

ACCESSIBLE OVERVIEW In macroscale systems, heat conduction typically follows Fourier’s law, with ther

mal conductivity independent of size. However, at the microscale, this behavior can break down: when sys

tem dimensions approach the mean free path of heat carriers, heat conduction becomes ‘‘anomalous,’’ char

acterized by an effective thermal conductivity κeff that diverges with system size l as κeff ∝ lβ. The exponent β 
delineates different regimes: diffusive (β = 0), ballistic-diffusive (0 < β < 1), and ballistic (β = 1). While such phe

nomena have mainly been observed at the microscale, this work presents the macroscale counterpart 

through active thermal metamaterials (ATMs)—structures embedded with programmable heat and cold 

sources. By strategically arranging these sources within a base material, ATMs reconfigure internal temper

ature fields to mimic microscale anomalies, enabling the extraction of size-dependent κeff as κeff ∝ Lβ at the 

macroscale, with β spanning from 0 to 1—an unreported observation in anomalous heat conduction. Both 

simulations and experiments validate this sense-breaking phenomenon, supported by detailed physics dis

cussions. The size-dependent κeff allows for tailoring materials by modulating heating, cooling, or system 

size. These reconfigurable ATMs can be dynamically adjusted to create thermal functional devices with arbi

trary shapes, dimensions, and even functionalities, opening new avenues for advancing thermal manage

ment and innovative thermal metamaterials. 
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second sound,18 hydrodynamic phonon transport,19 Anderson 

phonon localization,20 quantized heat conduction,21 and 

coherent heat transport22 offer diverse possibilities for micro

scale thermal management and energy conversion. It remains 

an open question whether these mechanisms can be extended 

to the macroscale or if the anomalous size-dependent κeff can 

be realized at larger scales.

Thermal metamaterials have revolutionized traditional thermal 

management by enabling unprecedented control over heat flow, 

leading to some eye-catching functionalities and phenom

ena23–28 such as cloaking29–31 and concentrating.32–34 Their 

core principle is the precise regulation of the anisotropic thermal 

conductivity tensor, derived from space transformations in 

transformation thermotics, i.e., κ = J′κ0J
det(J)

where J is the Jacobian 

matrix of the space transformation as J = ∂x′

∂x
, with x as the gen

eral coordinate. Typically, fabrication uses multi-layered or 

drilled structures combining high-κ material (usually copper) 

and low-κ material (e.g., air or polydimethylsiloxane [PDMS]) to 

approximate the anisotropic thermal conductivity tensors after 

some empirical design or numerical optimization, such as ge

netic algorithms and topological optimization.32,35 However, 

Figure 1. Origin of anomalous heat conduc

tion 

(A) Anomalous heat conduction in nanoscale. The 

effective thermal conductivity κeff typically scales 

with nanoscale system size l, as κeff ∝ lβ in nano

structures. 

(B) Diffusive heat conduction in macroscale. 

Macroscale heat conduction in passive materials 

is mostly diffusive, described by Fourier’s law, as κ 
is a size-independent constant. L represents the 

system size in macroscale. 

(C) Anomalous heat conduction in macroscale 

with ATMs. ATMs incorporate spatially embedded 

heat sources with adjustable thermal powers, 

enabling size-dependent κeff as κeff ∝ Lβ and an 

oscillating temperature field.

the upper limit of κeff is determined 

by the high-κ component, constraining 

the capability and flexibility of thermal 

metamaterials. Recent advances with 

passive or active methods,36–38 such as 

spinning water,39 extended plane,40 and 

thermal dipole,41 aim to overcome 

this but are limited by spatial and shape 

constraints. Achieving size-dependent 

κeff would allow real-time, adjustable 

thermal conductivity exceeding that of 

common materials, such as copper with 

400 W⋅m− 1⋅K− 1, greatly expanding the 

design space for thermal metamaterials.

In this paper, we present a strategy 

to realize macroscale anomalous heat 

conduction via active thermal metam

aterials (ATMs). Unlike conventional ther

mal metamaterials, ATMs incorporate 

spatially embedded heat sources with adjustable thermal 

powers, enabling size-dependent κeff and surpassing the proper

ties of natural materials. We demonstrate phenomena beyond 

the diffusive regime, mimicking ballistic and ballistic-diffusive 

heat conduction (Figure 1C). As a proof of concept, we achieve 

anomalous temperature profiles and obtain κeff values exceeding 

those of copper.

RESULTS

ATM model

The ATM is composed of a base medium and multiple control

lable internal heat sources. The base medium is a natural mate

rial with an intrinsic thermal conductivity of κ0, and the control

lable heat sources can be described by matrix Q(x) with both 

coordinate and local power density distribution information. 

Without loss of generality, we assume a 1D system with n units 

and total length L. The heat conduction in the ATM is gov

erned by

∂
∂t
(ρcT) = ∇ ⋅ (κ0∇T) + Φ; (Equation 1) 
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where ρ and c are the density and thermal capacity, respectively; 

κ0 is the intrinsic thermal conductivity; T is the temperature distri

bution; and Φ is the function of inner sources. To solve this equa

tion, Green’s function is introduced to calculate the temperature 

field induced by multiple sources and boundary conditions. The 

governing equations in the form of Green’s function are as 

follows:

ρc

κ0

∂G(x; t; x′; t′)

∂t
=

∂2G(x; t; x′; t′)

∂x2
+

1

κ0

∑n

i = 1

δ(x − x′)δ(t − t′);

(Equation 2) 

where G is the Green’s function of one point source, xʹ is the po

sition of the source, tʹ is the time the source was applied, and δ is 

the unit-impulse function to describe the point source. Consid

ering the 1D steady state, the temperature field of the ATM 

model can be calculated by Green’s function as

TATM(x) =
1

κ0

∑n

i = 1

Q(xi) ⋅ Gi(x; xi) + G1(x)f1 + G2(x)f2;

(Equation 3) 

where xi is the dimensionless position of each heat source within 

[0, L] and Q(xi) is the power density, Gi(x, xi) is the corresponding 

Green’s function of each source, and G1(x)f1 and G2(x)f2 are the 

Green’s function and temperature of two boundary conditions, 

respectively. According to the general solution of Green’s func

tion of the 1D steady-state point source, Green’s function in 

our model is

Gi(x; xi) =
[
H(xi − x) −

xi

L

]
(x − xi) +

xi

L
(L − xi);

(Equation 4) 

where H(⋅) is the Heaviside function.

To calculate the κeff of the ATM, we build an equivalent model, 

which is also a 1D medium but composed of different parts with 

different thermal conductivities without any heat sources 

(Figure 2A). Heat transfer in the equivalent model is governed 

by a heat conduction equation without the source terms: 
∂
∂τ (ρcT) = ∇⋅(κ∇T)

When we directly solve this equation under the 1D steady 

state, the temperature field is 

where q denotes the lumped heat flow as 

q = (TH − TC) =
∑n

i = 1
xi − xi − 1

κi 
and κi denotes the thermal conduc

tivity of unit i. Then, we make the ATM achieve the same temper

ature distribution as the equivalent model, which means that 

[TATM(x) = Teq(x)], and the heat flux through the medium at the 

inlet and outlet is equal (Qin = Qout), which implies that the sum 

of the internal source term intensities must be zero (
∑

qi = 0) 

and independent of the position of the sources. With the above 

two requirements, we solve a system of n equations:

TATM(x) = Teq(x); (Equation 6) 

where x = [x1, x2, …, xn− 1], and with Qin = Qout, we obtain the ther

mal conductivity matrix κ = [κ1, κ2, …, κn]. To verify the calculation 

method of the model, we do some numerical simulations as illus

trated in Figure 2B. We set κ0 = 1 W⋅m− 1⋅K− 1, TH = 328 K, TC = 

278 K, l0 = 0.05 m, and L = 0.3 m. It is seen that both temperature 

fields TATM(x) and Teq(x) are piecewise and linearly distributed 

between every two adjacent boundaries, and the temperature 

distributions of the ATM and the equivalent model agree well.

Finally, we apply the equivalent medium theory (EMT) to calcu

late κeff by regarding the obtained ATM as a 1D series thermal 

resistance network as

κeff =
L

∑n

i = 1

xi − xi − 1

κi

: (Equation 7) 

Using the above protocol, we design ATMs (i.e., Q(x)) to 

achieve the same temperature field TATM(x) = Teq(x) with respect 

to the same boundary heat flux and obtain the corresponding 

κeff. ATMs enable the regulation of temperature fields and heat 

flux fields by modulating the heat source position and intensity 

specifically. This is crucial for the effective design and operation 

of ATMs, allowing for precise control and tuning of their thermal 

properties to achieve macroscale anomalous heat conduction.

Size-dependent κeff

First, we investigate how the internal heat sources affect κeff. The 

simplified model with pairs of heat and cold sources is depicted 

in Figure 3A, where a medium with an intrinsic thermal conduc

tivity κ0 and a total length L has two temperatures, TH and TC, 

on the left and right boundaries, respectively. The cold and 

heat sources with opposite power density, namely − qi and qi, 

are set at xi and xi + l0, such that 
∑

qi = 0 is satisfied automati

cally regardless of the number and intensity of source pairs. 

Then, we consider a medium containing N pairs of heat and 

cold sources where the distance of each pair is also set to l0, 

which implies that the interval between each heat/cold source 

Teq(x) =

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

TH − q⋅
x

κ1

0 < x < x1

TH − q⋅
∑i − 1

j = 1

xj − xj − 1

κj

− q⋅
x − xi − 1

κi

xi − 1 < x < xi;1 < i ≤ n

; (Equation 5) 
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is l0. At the same time, the source intensities qi are kept consis

tent as q0. Now, κeff is influenced by three factors: the source 

interval l0, the ratio of L/l0, and the source intensity q0, as 

shown in Figure 3B. It is noted that the positive or negative 

value of q0 represents the relationship between the order of 

the cold and hot sources and the direction of the external tem

perature gradient. If the hot source is followed by the cold 

source along the direction of the temperature gradient, then 

the source pair intensity is positive, and vice versa. When the 

source pair intensity q0 is zero, κeff remains unchanged 

Figure 2. ATM model and equivalent model 

(A) Schematic of ATM model and equivalent model. The ATM is composed of a base medium with an intrinsic thermal conductivity of κ0 and multiple controllable 

internal heat sources. The controllable heat sources can be described by matrix qi and xi as coordinate and local power density distribution information. The 

equivalent model is a one-dimensional medium but composed of different parts with different thermal conductivities κi without any heat sources. 

(B) Simulated temperature fields of two models. The ATM model consists of 5 inner sources, and the equivalent model consists of 6 parts with different thermal 

conductivity. The normalized temperature is T* = (T − TC)/(TH − TC), and the normalized coordinate is x* = x/L.

Figure 3. Schematic of ATMs and keff 

(A) Schematic of ATMs with multiple heat source pairs. The ATM composed of a medium with an intrinsic thermal conductivity κ0 and a total length L has two 

temperatures, TH and TC, on the left and right boundaries. The cold and heat sources with opposite power density, namely, − qi and qi, are set at xi and xi + l0. 

(B) Changes in κeff of the multiple pairs ATMs. The color represents the magnitude of κeff/κ0 (κ0 = 1 W⋅m− 1⋅K− 1). The light blue surface represents that the κeff is 

equal to that of copper (400 W⋅m− 1⋅K− 1). The coordinates of the three directions are the source interval l0, the ratio of L/l0, and the source intensity q0, respectively. 

(C) Normalized thermal conductivity versus normalized length of modulated ATMs. Different curves represent the κeff-L relationship (0 ≤ β ≤ 1) under different 

source modulation parameters.
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regardless of l0 and L/l0. When the source pair intensity is pos

itive, κeff increases with the increase in the absolute value of q0, 

l0, and L/l0, respectively. If we keep q0 and l0 constant, the size- 

dependent κeff emerges; that is, κeff changes positively with L. 

At the same time, when l0 is negative, κeff decreases with the 

increase in the absolute value of q0, l0, and L/l0, respectively. 

Also, κeff changes inversely with L if q0 and l0 are constant. It 

can be observed that the positive or negative value of the inten

sity, that is, the order of cold and hot sources, is the factor that 

determines the κeff. It is worth noting that by taking advantage 

of this size effect, we can modulate the κeff of the ATM to 

exceed that of common high thermal conductivity materials 

(such as copper, indicated by the light blue surface in 

Figure 3B), thereby greatly expanding the manipulation capabil

ities and thermal conductivity limit of thermal metamaterials.

To investigate the anomalous size-dependent relationship of 

κeff, we keep the interval between each source l0 = 0.05 m and 

modulate the power density of heat sources Q(x) to find the rela

tionship κeff = cLβ. We use the following equation to describe the 

intensity of the internal heat/cold sources:

{
Q[x = (2i − 1)⋅l0 ] = − qi = − q0⋅iα
Q[x = (2i)⋅l0 ] = qi = q0⋅iα ; (Equation 8) 

where i is the number of the source pair, qi is the power 

density of the ith source pair, q0 is the basic power 

density, and α is the modulation coefficient. For each value 

of q0, we find the optimal value of parameter α as α ∗ = 

arg min
α∈ [− 1;0]

(

min
β;c

∑

LN

[κeff (α;LN) − c(α)LN
β(α)]

2

)

, where LN = 

(2N + 1)*l0, N = 1,2,3 … (see Note S1 for detailed steps and pa

rameters). Figure 3C plots some typical κeff-L relationship curves 

under different Q(x). It can be clearly seen that κeff shows a good 

logarithmic relationship with the system size. When Q(x) = 0, 

there are no sources inside the ATMs, and conventional purely 

diffusive heat conduction occurs, corresponding to the size-in

dependent κeff and β = 0. In contrast, when Q(x) ∕= 0, κeff becomes 

size dependent, and the macroscale anomalous heat conduc

tion occurs, corresponding to β ∕= 0. This size-dependent 

anomalous heat conduction successfully mimics different heat 

conduction states in the microscale. β = 1 corresponds to ballis

tic-analog heat conduction, and 0 < β < 1 corresponds to ballis

tic-diffusive-analog heat conduction, which is an intermediate 

state between ballistic and diffusive heat conduction. Further, 

we simulate six different heat conduction states with different 

β. We set TH = 328 K, TC = 278 K, l0 = 0.05 m, and κ0 = 1 

W⋅m− 1⋅K− 1. The left and right sides are kept at constant temper

ature boundary conditions, while the top and bottom sides are 

insulated. The κeff in different states are shown as data points 

in Figure 3C, and the corresponding normalized temperature 

curves, under two lengths, L1/l0 = 13 and L2/l0 = 41, with different 

numbers of source pairs, are shown in Figure 4A. It is seen that 

the temperature curves fluctuate along with the distributions of 

heat and cold sources, and with the decrease of β from 1 to 0, 

the temperature fluctuations are gradually weakened and tend 

to approach the temperature gradient with β = 0. The number 

of source pairs merely increases the frequency of temperature 

fluctuations but does not influence the main temperature trend. 

When β = 1 (at the ballistic-analog regime), the temperature fluc

tuates like wave propagation. When β = 0 (at the diffusive 

regime), the temperature curve is linear, aligning with the temper

ature gradient without temperature fluctuations. When 0 < β < 1 

(ballistic-diffusive-analog regime), the temperature curves along 

the coordinates increase first and then decrease gradually, tran

siting from fluctuation to diffusion along with the temperature 

gradient. By comparing L1 and L2 under each anomalous heat 

conduction state, it is revealed that larger system size and 

more source pairs correspond to larger excess temperature 

over the maximum temperature applied externally. Figure 4B il

lustrates the normalized temperature fields of the case when 

L2/l0 = 41, offering a vivid illustration of the macroscale anoma

lous heat conduction phenomenon with exponent coefficient β 
from 1 to 0.

To elucidate the underlying mechanism of macroscale anom

alous heat conduction, we theoretically analyze the internal tem

perature gradient distribution of ATMs under different heat con

duction states (β). Due to the continuous fluctuation of 

temperature between the cold and hot sources, the direction 

of the temperature gradient, i.e., the sign of dT/dx, is constantly 

changing. Thus, the temperature gradients in both directions are 

plotted separately. The positive temperature gradients are 

shown in Figure 4C, while the negative temperature gradients 

are shown in Figure 4D. It is observable that when β = 1, both 

the positive and negative temperature gradients remain un

changed and have the same magnitude (red dots). When β = 0, 

the temperature gradient always maintains a fixed value of (TH 

− TC)/L, without any direction change (gray dotted line). While 

0 < β < 1, the positive and negative temperature gradients exhibit 

completely different trends. The positive temperature gradient 

gradually decreases along the direction of heat transfer, whereas 

the negative temperature gradient sustains a constant value. The 

reasons can be explained as follows. The defining trait of diffu

sive conduction is that the flux is proportional to the temperature 

gradient (q ∝ dT/dx). The ATMs reconfigure the internal temper

ature field, allowing heat to be transferred within the medium 

without attenuation directly from the hot side to the cold side, 

breaking the conventional size-independent Fourier’s laws. 

The ATMs make the heat flux proportional to the temperature dif

ference rather than the temperature gradient, exhibiting a similar 

key feature of the ballistic heat conduction that occurred in 

microscale. At this point, changes in system size will no longer 

affect the heat flux (Note S2; Figure S1). The intermediate state 

(0 < β < 1) combines the characteristics of both, but the recon

structive temperature field of ATMs is not sufficient to maintain 

the constant heat flux, leading to the continuous decrease of 

the positive temperature gradient along the direction of heat 

transfer until it approaches purely diffusive heat conduction.

Finally, we set up experiments to verify the anomalous heat 

conduction phenomenon in ATMs. The schematic diagram of 

the experimental setup is shown in Figure 5A. Four pairs of Pelt

ier modules are embedded in the base medium for alternative 

heating or cooling with an interval of 0.05 m to fabricate the 

ATM. The heating and cooling powers Q(x) in the experiments 

are quantified by theoretical analysis and adjusted by the power 

controller. Since the widths of the Peltier modules and the base 
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medium are kept the same, the heat conduction along the base 

medium can be considered as quasi-1D. The temperature fields 

measured by the infrared (IR) camera and the corresponding 

temperature curves along the red dashed center line are shown 

in Figures 5B–5E. With different Q(x), different temperature fields 

can be achieved, corresponding to different heat conduction 

states with β = 1 (Figure 5B), β = 0.88 (Figure 5C), β = 0.56 

(Figure 5D), and β = 0 (Figure 5E) regimes (see detailed experi

mental settings in Note S1 and Table S2). It can be observed 

that the experimental temperature curves are close to those in 

simulations, verifying the macroscale anomalous heat conduc

tion phenomenon with varying β. The deviation between experi

ments and simulations arises from two aspects: one is non-ideal 

point heat or cold sources due to the certain width of each Peltier 

module and the other is the remaining air convection effect in the 

experiments.

DISCUSSION

In summary, we achieve and demonstrate macroscale anoma

lous heat conduction featuring size effects in ATMs, replicating 

microscale transport phenomena across ballistic, ballistic-diffu

sive, and diffusive regimes. By modulating internal cold and heat 

sources, ATMs reconstruct temperature fields and introduce a 

new degree of freedom to control size-dependent κeff. Our theo

retical analysis, simulations, and experiments reveal κeff scaling 

with exponent β from 1 to 0. This work not only suggests a 

distinct mechanism to achieve anomalous heat conduction by 

ATMs but also broadens the design potential of thermal meta

materials, with future work extending to higher dimensions, com

plex boundaries, and transient processes.

METHODS

Numerical simulations

Numerical simulations of the temperature field and heat flux in 

ATMs are conducted using the finite-element method with 

COMSOL Multiphysics 6.1. For the 2D model of ATMs, the left 

and right boundaries are set as constant temperature boundary 

conditions, and the top and bottom boundaries are set as peri

odic boundary conditions.

Experimental setup

In the experiment, the base medium of the ATM is polytetra

fluoroethylene (κ0 = 0.25 W⋅m− 1⋅K− 1) with dimensions of 

450 × 23 × 5 mm3. Four pairs of Peltier modules (TECooler, 

HT016071) with a uniform size of 23 × 6 mm2 are embedded in 

it. The left and right boundaries of the ATM are kept at TH = 

328 K and TC = 278 K, respectively, with a water bath, and 

the other boundaries are insulated with porous foam plastics. 

Figure 4. Macroscale anomalous heat conduction phenomenon in ATMs 

(A) Normalized temperature of ATMs under different macroscale anomalous heat conduction. The normalized temperature is T* = (T − TC)/(TH − TC), and the 

normalized coordinate is x* = x/L. Two colored curves represent the cases under two lengths, L1/l0 = 13 and L2/l0 = 41, with different numbers of source pairs, 

respectively. 

(B) Temperature distribution of ATMs under different macroscale anomalous heat conduction of the case where L2/l0 = 41 (N = 20). The color bar represents the 

normalized temperature. 

(C and D) Positive temperature gradient (C) and negative temperature gradient (D) of ATMs under different anomalous heat conduction. The temperature gra

dients under different states are distinguished by different colored dots with β from 0 to 1.
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The temperature fields are measured by the IR camera 

(SC620, FLIR).
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