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Topological edge states are a ubiquitous phenomenon across diverse wave systems, including electromagnetic,
acoustic and quantum systems. In contrast to wave systems, thermal transport is a kind of diffusion system
characterized by pure dissipation. The imposition of different boundary conditions can significantly influence the
evolution of thermal system, leading to the appearance of different topological states, which haven’t been sys-
tematically analyzed yet, especially in practical heat transfer structures. In this work, via a non-Hermitian

thermal diffusion lattice model, we discuss the periodicity-dependent topological states. Through rigorous
theoretical analysis and numerical simulations of the temperature field, the Hamiltonian is obtained whose ei-
genvalues are purely imaginary corresponding to the decay rate of the temperature field. Our work paves the way
for the investigation of how periodicity alters topological states in thermal diffusion systems, potentially revo-
lutionizing the design of thermal metamaterials for topological thermal protection in thermal management.

1. Introduction

The recent years have witnessed a booming research of topological
states in condensed matter physics, such as topological insulator [1,2],
quantum Hall effect [3], twistronics [4], etc. Due to the similarity be-
tween wave equations and Schrodinger equations [5,6], the concept of
topological states has also been extended to classical wave systems,
including electromagnetic [7], photonics [8-10], acoustics [11]. More
intriguing topological states have been revealed, such as high-order
topological states [12,13] and Chern insulators [14,15]. The allure of
such kind of research has grown exponentially in recent years for their
promising applications in advanced magnetoelectronic and optoelec-
tronic devices, which hold the potential to revolutionize the techno-
logical landscapes [16].

Recently, the exploration of topological phenomena in diffusion
systems has garnered increasing attention, particularly in the field of
heat transfer [17-20]. Heat conduction is naturally a purely dissipative
process, and can be regulated by thermal metamaterials [21-25], which
have been engineered to exhibit many novel thermal functionalities,
such as thermal cloaking [26,27], concentrating [28,29], printing [30],
camouflaging [31], etc. Moreover, thermal metamaterials also offer an
excellent platform for the study of non-Hermitian physics [32-35]. For
instance, integrating topological concepts into thermal management can
achieve robust heat regulation against defects and disorder based on the
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Su-Schrieffer-Heeger (SSH) model [36-38] and non-Hermitian skin ef-
fects [39-41]. Recently, experimental observations of diffusion topo-
logical edge states have been reported in one-dimensional and
two-dimensional SSH thermal lattice [42,43]. Nonetheless, as we
know the boundary conditions (BCs) play the dominant role on heat
conduction, the pronounced influence of BCs on topological states in
thermal diffusion system haven’t been systematically discussed yet. In
particular, the periodicity of BCs can even break or change the topo-
logical states of the system, which calls for comprehensive discussion to
clarify the periodicity-dependent topological states in thermal diffusion
system.

In this work, similar to the SSH lattices we developed a two-
dimensional topological thermal transport model. Through rigorous
theoretical analysis and numerical simulations of the temperature field,
we obtain the Hamiltonian of system and elucidate how periodicity al-
ters various topological states in thermal diffusion system. Our study
could pave the way for the development of novel thermal metamaterials
with potential application for topological thermal protection, efficient
thermal management, and directional heat transfer.

2. Topological thermal transport model

In order to migrate topological states from wave system to diffusion
system, we develop a two-dimensional topological thermal transport
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model by drawing inspiration from the thermal analogue of SSH lattices.
In this model, topological thermal unit cells are arranged along the x and
y directions to construct the thermal lattice. As depicted in Fig. 1(a),
each topological thermal unit cell consists of four thermal sites,
considered as thermal analogs of atoms in atomic lattices. Intercellularly
and intracellularly, these thermal sites are connected through a network
of different thermal channels with different thermal diffusion co-
efficients D1 ». The whole model has unified heat capacity c,, density p,
and thermal conductivity x. And each site has an identical radius Ry and
height h. The distance between each site is held constant at a, ensuring
the lengths of the intra-coupling and inter-coupling thermal channels
are equivalent. These channels are distinguished by their radius R; and
Ry, which correspond to the thermal diffusion coefficients D; and D,
respectively.

Our model allows for the facile manipulation of the intra-coupling
and inter-coupling diffusion coefficients by adjusting the R; and Ry, as

2
K Rl.z

 pc, Riaoh

(€8]

12

By discretizing the heat conduction equation pc% = Vg, the evolu-
tion of the temperature field in this model can be described as
0T”
ot
+Dij 1 [Tij 1 — Tij] + Dijia [Tijia — Ty

=Dy 1[Ti1j — Tij] + Diyaj[Tisaj — Tij) @

a
B
A s D
R s T
L
. .
Thermal Site
Intra-Coupling (D,)
Inter-Coupling (D,)
C
12
10
8-
< 6+
4
2
0-

International Journal of Heat and Mass Transfer 235 (2024) 126182

where subscripts i, j denote the sequence indices of the thermal sites
along the x and y direction respectively.D,;, = k/pcrepresents the
thermal diffusion coefficient of thermal channels between thermal site i,
jand thermalsitea, b(a=i—1,i,i+1;b=j — 1,j,j + 1). T;; represents
the temperature of the thermal site i, j. By manually adjusting the radius,
we can arbitrarily control the intra-coupling and inter-coupling diffu-
sion coefficients with a certain ratio § = Dy/D;.

We delineate a thermal unit cell by designating its four thermal sites
as A, B, C, and D. Thus the temperature field in this thermal unit cell can
be described as
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where subscripts m, n denote the sequence indices of unit cells along the
x and y direction respectively. The governing equation of the thermal
field can be articulated as:

Fig. 1. (a) Schematic diagram of a topological thermal unit cell. (b) Eigen spectrum of periodic thermal lattice systems and the projection of eigen spectrum on the k,
—A plane. (c, d) Eigen spectrums under the trivial state and untrivial state when the system is periodic in one direction and fixed in the other direction. (The red

curves represent the corresponding edge states).
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where T = [Ti14a Tiais Tm,n‘D]T, and H is the governing Hamil-
tonian. In contrast to wave systems, the Hamiltonian of the thermal
transport model is characterized by a purely imaginary eigen spectrum @
for the purely dissipative nature of heat conduction. The imaginary
eigenvalue corresponds to the thermal diffusion rate 4 of the thermal
transport model (A = — Im(w)).

Then we apply the periodic BCs, the Bloch Hamiltonian of this to-
pological thermal transport model can be written as:

21+68) —1-de™ 0 —1—ge ™
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(5)

The eigen spectrum of the thermal transport model under periodic
BCs is depicted in Fig. 1(b). It can be observed that the eigen spectrum
consists of four energy bands, interspersed with two open bandgaps. In
addition, we demonstrate the projection of the eigen spectrum on the k,
—2 plane to better observe the distribution of eigenvalues. It should be
noted that under such periodic BCs, regardless of 6 <1 or § > 1, the
fundamental characteristics of the eigenvalue distribution do not
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change, exhibiting a similar spectrum. To observe edge states in our
model, we impose fixed BCs in one direction and maintain periodic BCs
in the other. Then, by adjusting the ratio of the diffusion coefficients &,
we observe a variety of outcomes as illustrated in Fig. 1(c, d). When
§ < 1, the inter-coupling diffusion coefficient (D) is less than the intra-
coupling diffusion coefficient (D;), and the eigen spectrum exhibits two
bandgaps, akin to the projection of the eigen spectrum under periodic
BCs. Now the system is characterized by a topological trivial state.
Conversely, when § > 1, the inter-coupling diffusion coefficient (Dy)
exceeds the intra-coupling diffusion coefficient (D;). Now unique bands
appear in each of the two band gaps, which are marked by red. This
appearance signifies the presence of edge states, and now the system is
under a topological untrivial state.

3. Thermal topological states in practical thermal diffusion
models

Our research has revealed that breaking the periodicity of the to-
pological thermal transport model in a single direction will contribute
the appearance of edge states. So what if the BCs are fixed in both di-
rections? It is worth highlighting that in the practical heat transfer
models, achieving structures with periodic BCs is often challenging.
Typically, the application of periodic ordering metamaterials necessi-
tates the use of an equivalent finite array structure. While examining
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Fig. 2. (a) Schematic diagram of a topological thermal unit cell. (b, ¢) Schematic diagram of a non-periodic thermal diffusion lattice structure and a semi-periodic
thermal diffusion lattice structure. (d, e) Eigen spectrum of non-periodic and semi-periodic thermal diffusion lattice structure.
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topological phenomena under fixed BCs model aligns more closely with
real-world heat conduction process and holds greater potential for
applications.

We develop two kinds of tangible thermal meta structures to further
investigate the effect of periodic boundaries on topological phenomena
in practical thermal diffusion lattices. One is non-periodic structure
[Fig. 2(b)] and the other is semi-periodic structure [Fig. 2(c)]. Consider
the thermal transport model with finite thermal unit cell, as illustrated
in Fig. 2(a). Take the number of thermal unit cell as 4 in both the x and y
direction, 8 x 8 thermal sites are arranged in a plane in thermal lattice,
as illustrated in Fig. 2(b). This non-periodic thermal diffusion lattice
structure is endowed with fixed boundaries by connecting the boundary
sites with constant-temperature heat reservoirs via thermal channels.
Additionally, a semi-periodic thermal diffusion lattice structure is pro-
posed, as shown in Fig. 2(c). Without loss of generality, we take 8 x 8
thermal sites and then connect them head-to-tail in the x-direction,
forming a periodic boundary in the x-direction and remaining a fixed
boundary in the y-direction. Following Eq. (3) and Eq. (4), we can obtain
the Hamiltonian of these two thermal diffusion lattice structures.

Theoretical calculations delineate the eigen spectrum of the non-
periodic structure, as depicted in Fig. 2(d). When 6 = 1, the eigen-
values are almost uniformly distributed. When 6 < 1, the system is under
a topological trivial state. As 5 decreases, indicating an increased ratio of
intra-coupling to inter-coupling diffusion coefficient, the band gradually
opens, and the band gap widens. Conversely, when § > 1, the system is
under a topological untrivial state. As & increases, indicating an
increased ratio of inter-coupling to intra-coupling diffusion coefficient,
the band also gradually opens, with additional eigenvalues appearing in
the band gaps, signifying the presence of edge states. These distinctive
edge states, marked with red dots, are primarily localized at the pe-
riphery of the lattice, as evidenced by their corresponding eigenvectors.
Further observation of the eigen spectrum reveals that the larger § is, the
more obvious the edge states are in the energy spectrum. At the same
time, it can be observed that the occurrence position of edge states in the
non-periodic structure is aligned with that in the eigen spectrum in Fig. 1
(d). Although this aligned position is not rigorous, this observation un-
derscores that the occurrence of such edge states is highly dependent on
the periodicity. Besides, a higher-order topological state, known as the
corner state, is observed, as marked with blue dots in Fig. 2(d). The
eigenvectors corresponding to the corner states are almost distributed in
the corners, exhibiting identical eigenvalues. This observation contrasts
sharply with the ideal model with periodic BCs in one direction. As for
our semi-periodic structure, the eigen spectrum is shown in Fig. 2(e). In
this structure, as 5 changes, the opening process of the band is similar to
that in non-periodic structure. And there also appears edge states in
bandgaps when 6 > 1. However, the edge states that appear within the
bandgaps are corresponding to eigenvectors that are primarily distrib-
uted along two opposing edges, in contrast to the four-edge distribution
observed in the non-periodic structure. What’s more, there will be no
appearance of corner states. These differences between the non-periodic
structure and the semi-periodic structure emphasize the vital effect of
periodicity on the topological states in our topological thermal transport
model.

Besides theoretical calculations, numerical simulations are also
performed to obtain the Hamiltonian. This approach allows us to
retrieve the Hamiltonian from simulated temperature field but not only
theoretical calculations, which is more in line with reality. Following Eq.
(4), the Hamiltonian of our model can be retrieved from the measured
temperature field in simulations as

_ ilnTz — lnT1

H=i———— 6
r Pa— (6)

where t; is the first measurement time, t, is the second measurement
time, T; and T, denote the temperature matrix consist of all 8 x 8
thermal sites at t; and t.
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We perform numerical finite-element method (FEM) simulations
with COMSOL Multiphysics. The material in simulation is aluminum (x
=200 W-m LK, p = 2700 kg-m 3, C,= 880 J-kg""-K 1) and the size
parameters are as follows: Rp= 10 mm, ap = 40 mm, h = 10 mm, R; and
Ry varies from 1 to 3 mm. We set 293 K as the room temperature and 343
K as the initial temperature, and then connect boundary sites to BCs with
fixed room temperature. Sequentially number all thermal sites from 1 to
64. Then apply the initial temperature to each thermal site in numbered
order. Finally the resulting temperatures of all thermal sites at t; and t
are obtained, forming a 1 x 64 temperature matrix. By iterating this
procedure for all thermal sites, T; and T2 are compiled as two 64 x 64
temperature matrices. Finally, obtain the Hamiltonian following Eq. (6)
and proceed to calculate the eigen spectrum.

Fig. 3 demonstrate the eigen spectrum achieved respectively by nu-
merical simulations and theoretical calculations, as previously
described. In order to observe the band opening and the appearance of
edge states more distinctly, § is set as 1/9 and 9 under two different
states. It can be observed that when 6 = 1/9, the system is under to-
pological trivial state, and the eigen spectrums of non-periodic structure
[Fig. 3(a)] and semi-periodic structure [Fig. 3(c)] are analogous. All
thermal sites are under bulk states whether in the non-periodic structure
or the semi-periodic structure. When § = 9, the system is under topo-
logical untrivial state. The eigen spectrums of the non-periodic structure
[Fig. 3(b)] and the semi-periodic structure [Fig. 3(d)] are illustrated.
Notably, the edge states and corner states appear, as marked by red and
blue color. Consistent with previous analysis, the non-periodic structure
features both edge and corner states, whereas the semi-periodic struc-
ture features only edge states. Edge and corner states can be identified
by the corresponding eigenvectors. The eigenvectors corresponding to
several typical topological states are shown in Fig. 3(e-h). In bulk states
[Fig. 3(e)], eigenvectors exhibit an average distribution across each
position, which is similar in both structures. However, the edge states of
these two structures manifest different distribution characteristics. In
the non-periodic structure, the eigenvector corresponding to edge state [
[Fig. 3(f)] is mainly distributed at the position of four boundaries. In the
semi-periodic structure, the eigenvector corresponding to the edge state
II [Fig. 3(g)] is primarily distributed along the position of two opposite
boundaries. This disparity arises from the semi-periodic structure’s fol-
ded configuration, which transforms the four boundaries of the non-
periodic structure into two, thereby influencing the eigenvector distri-
bution. For corner states [Fig. 3(h)] which are exclusive to the non-
periodic structure, the eigenvectors are entirely distributed at four
corners.

Overall, the result of numerical simulations and theoretical calcu-
lations agrees well, validating the accuracy of our model in describing
thermal field of the practical heat transfer structure. Although our
simulation is completely based on the real geometric size and material
properties, due to the simplification of thermal channels in the theo-
retical calculation, there is a minor error between the numerical simu-
lations and the theoretical calculations. It is undeniable that this
research lacks experimental verification to further verify this interesting
phenomenon. However, through the comparison and verification of
theoretical calculations and FEM numerical simulations, the significant
influence of periodicity on the topological states in our topological
thermal transport model is underscored and emphasized.

To investigate the temporal evolution of temperatures at sites under
different topological states, we conduct numerical simulations with the
two structures [Fig. 2(b) and 2(c)]. With the same BCs mentioned above,
we apply the initial temperature to the thermal sites corresponding to
the corner states, edge states and bulk states respectively and observe
their temperature evolution. To control the diffusion coefficient ratio 5,
the radii of intra-coupling and inter-coupling thermal channels are set as
R;=1mm and Ry= 3 mm or R;= 3 mm and Ry= 1 mm to keep § =1/9 or
9. For the non-periodic structure, time evolution of normalized tem-
perature for corner, edge, and bulk states is depicted in Fig. 4(a) and 4
(b). When the system is under topological untrivial state, compare the
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Fig. 3. (a, b) Eigen spectrum of the 8 x 8 non-periodic thermal diffusion lattice structure under topological trivial and topological untrivial state. (c, d) Eigen
spectrum of the 8 x 8 semi-periodic thermal diffusion lattice structure under topological trivial and topological untrivial state. (e-h) Eigenvectors of different to-
pological states. The color bar denotes the magnitude of each item in the eigenvectors.

decay rates of the highest temperature under these conditions. Theo-
retically, the eigenvalue of the system is expected to decay exponentially
over time, with the decay rate being directly related to the imaginary
part of the eigenvalue. A higher decay rate indicates a more rapid
cooling ability. The temperature field distribution of different states is
illustrated in Fig. 4(c), showing main part of the structure. After 60 s, the
highest temperature of corner state has dropped to 302.28 K, while the
highest temperature of edge state is 303.85 K and that of bulk state is
still 306.00 K. It is evident that the highest temperature of corner state
decays the fastest, followed by edge state, and that of bulk state is much
slower. In contrast, when the system is under topological trivial state,
although there are no corner and edge states, we apply the same initial
temperature to the same position as above. In this way, we observe that
the decay rate of the highest temperature is nearly uniform across
different positions. After 60 s, the highest temperature of all three lattice

converges to ~306 K. For Periodic Structure, there are only edge states
without corner states. We observe the temperature evolution process in
both topological trivial and topological untrivial states, as depicted in
Fig. 4(d). The edge state under topological untrivial states exhibits the
highest decay rate, corresponding to the result of theoretical calculation.
Neither the bulk state under topological untrivial state nor any state
under topological trivial state exhibits a stable temperature decay rate,
with their temperature change trends being nearly indistinguishable.
Observing the temperature field distribution after 60 s [Fig. 4(e)], the
highest temperature of edge state in topological untrivial system has
dropped to 309.44 K, while the highest temperatures of the other three
lattices are ~312.5 K.

Through a comprehensive analysis of temperature evolution across
various BCs and topological states, we find that these topological states
enhance the cooling efficiency of thermal sites, with higher-order



Z. Wang et al.

Trivial Corner

Toax = 305.92 K

b t/s
Untrivial
0.0

-05

~1.04

~154

-204{ — Corner

—— Edge
-25 Bulk N
- - - Reference
-3.04+— . . - . . .
0 10 20 30 40 50 60 Tax = 302.28 K
t/s
Trivial-Edge
0.0
-0.5
£ -10
"""" Trivial-Edge "%

-15 ------- Trivial-Bulk AN
Untrivial-Edge AN
Untrivial-Bulk S

207 - - - Reference N

0 10 20 30 40 50 60

trs Toa = 312.62 K

Toax = 309.44 K

International Journal of Heat and Mass Transfer 235 (2024) 126182

Edge Bulk
% % |
max =305.89K max =306.04 K Q
% % 293K
Thax = 303.85 K Trax = 306.00 K
Untrivial-Edge Trivial-Bulk Untrivial-Edge
313K
293 K

Toax = 312.53 K

Tonax = 312.48 K

Fig. 4. Time evolution of normalized temperature of corner, edge, and bulk states under topological trivial (a) and untrivial (b) state in non-periodic structure. (c)
Temperature field distribution of corner, edge, and bulk states in non-periodic structure (t = 60 s). (d) Time evolution of normalized temperature of edge and bulk
states in semi-periodic structure (e) Temperature field distribution of edge and bulk states in semi-periodic structure (t = 60 s). The temperature is normalized with T*

=In[(T - T;) /(T; —

topological states exhibiting a more pronounced effect. It is worth
mentioning that edge states and corner states appear exclusively under
topological untrivial state. Therefore, the corner and edge mentioned
under trivial state in the figure refers to the corresponding positions
rather than being under those states. Moreover, these topological states
tend to evolve with a constant decay rate, with their normalized tem-
peratures exhibiting a linear trend. This suggests that once a thermal site
is under a particular topological state, it maintains that state, forming a
topological protection mechanism. Such mechanism provides a new way
to realize directional and precise heat flow regulation within a complex
system and holds significant potential for application of topological
protected thermal metamaterials for local heating, cooling, and pro-
tection in practical thermal management.

4. Conclusion

In conclusion, we have developed a periodicity-dependent 2D to-
pological thermal transport model and analyzed how periodicity alters
topological states in both ideal and practical thermal diffusion systems.
The effect of periodicity alterations in BCs on the topological state of the
system is investigated, and two practical thermal diffusion models are
constructed for illustration. Through both theoretical analysis and nu-
merical simulations, the Hamiltonian of two kinds of practical thermal

T;)], where T, is the reference temperature and T; is temperature of thermal site at t = O s.

diffusion meta structures is obtained and the corresponding topological
states are analyzed, underscoring the pivotal role of periodicity in the
model. This research will motivate further exploration of topological
analyses in thermal diffusion systems and pave the way for developing
novel thermal metamaterials for topological thermal protection and
advanced thermal management.
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