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ABSTRACT: Emerging topological thermal physics has revolutionized thermal
management with topological thermal metamaterials, but most of\them only consider
the passive/static thermal diffusion. Inspired by ecological dynamics, we investigate
the topological thermal physics in an active/dynamic three-body heat transfer system
connected with Peltier modules, where the cyclic interactionris exemplified by the rock-
paper-scissors (RPS) chain. Numerical simulations demonstrate a robust temperature
localization phenomenon against parametric disturbance and structural perturbations,
and topological phase transition in thermal RPSchain is discussed via topological band
theory analysis of the corresponding Hamiltonian. Our findings establish a framework
for exploring dynamic topological phenomena in non-equilibrium thermal transport,

offering new pathways for active thermal management.

INTRODUCTION

Inspired by topological photonics and topological acoustics [1-7], the counterpart
topologicalithermal transport, enabled by thermal metamaterials [8—14], emerges as a
groundbreaking research paradigm beyond the traditional heat transfer, and
significantly reshapes the way we think about and deal with heat and advances the
thermal” management technologies like thermal shielding/cloaking and
haryesting/concentrating devices [15-25]. Under such physical framework, a lot of
topological thermal physics are reported such as nonreciprocal/asymmetric heat
transfer [26-28], skin effect [29,30], geometrical phase [31-33], protected edge
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state [34,35], bulk-boundary correspondence [36-38], and so on. However, most of
them only consider the passive/static thermal diffusion, can we observe more thermal
physics in active/dynamic systems?

Recently, the active topological phase transition system in active matter [39-41],
fluid dynamics [42,43], and ecological systems [44—47] have started to develop, but a
counterpart thermal physics in such systems remains underexplored. A typical
ecological system is the population dynamics that studies how the number of
individuals in a population changes over time, affected by factors such as birth, death,
predation, and competition. Real ecological systems are extremely complex, with
numerous species and intricate interactions. Under specific situations, the population
dynamics can be simplified to only consider the interactions among three species, such
as communities containing toxin-producing E. coli [48,49], the competition among
cryptic coral reefs [50], and the reproductive strategies of the side-blotched lizards.[51]:
Due to predation and competition, the population of such three species will be
dynamically balanced and can be modeled by the rock-paper-scissors (RPS) cyele. Take
the side-blotched lizards with different colored stripes as an example; Orange males
(analogous to "rock"), characterized by aggression, overpower bluewmales through
physical superiority and expansive harems. Blue males (analogous to "scissors"), with
smaller territories and heightened vigilance, effectively .counteryellow males that
mimic females and steal mating opportunities. Yellow. males,(analogous to "paper"),
counter orange males by stealthily infiltrate their territories and steal mating
opportunities [Fig. 1(a) and (b)]. Such RPS model describes the cyclic competition in
a lot of systems ranging from biodiversity iniecosystems [48—51] to phase transitions
in non-equilibrium quantum systems [44-46]. Reécent advances in topological physics
have revealed that such RPS cyclicwinteractions can encode geometric phases and
protected edge modes in synthetic lattices [44,45]. Can we extend such RPS model to
describe active/dynamic thermalphysics beyond passive/static thermal diffusion?

In this letter, inspired.by RPS cycle in ecological systems, we establish an
actively-regulated three-body heat transfer system connected with Peltier modules to
mimic the RPS cyclicuinteractions [Fig. 1(c)], and extend the RPS cycles into a RPS
chain to explote the topological physics of thermal transport. Robust temperature
localization 'due.to the heat accumulation is found in the RPS chain and the topological
phase transition are analyzed through energy band theory.

RESULTS

Generation of thermal RPS chain
To implement the RPS model in thermal diffusion systems, we connect three body

via Peltier modules and the whole system is assumed with the same material and
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structure [Fig. 1(d)]. Heat transfer between every two bodies consists of intrinsic
thermal diffusion (proportional to the temperature gradient) and Peltier heating/cooling
power (proportional to the average temperature). We then connect a series of RPS
cycles into a RPS chain, and each unit cell consists of two thermal sites (A and B). The
heat flow through the Peltier module is at a rate of Q = SITave, where S, /, and Tayg are
the Seebeck coefficient, the electric current, and the average temperature of the channel.
The heat flow direction depends on the direction of the current. In each PRS cycle, as
shown in Fig. 1b, the active transport coefficients of the three channels are Pi, P2, and
P53 respectively, and the corresponding intrinsic diffusion coefficients are D1, D>, and
Ds respectively (detailed in Supplemental Note I). By discretizing the heat transfer
equations in the RPS chain, we can obtain the governing equations of the temperature
field as

oT
a’;Az (n+1A TnA)"' 1( nA)
P W
+P(T +TM)+PI( "y M) 0
_Pz (Tn—1,3+Tn,A)_P1 (Tn+1,A +Tn,A) ,
ag;B =D, (Tn+1,A _Tn,B) +D; (Tn,A _Tn,B)
+Pz (Tn+1,A +Tn,3)_P3 (Tn,A +Tn,3)

where Tha and Thp denote the temperature of sitevA and B in unit n. The discretized
RPS chain system yields an effective/Hamiltonian for the site-channel model,
establishing a thermal analog (antisymmetrice Hamiltonian) to the RPS mass-
conserving dynamical system (detailed derivation in Supplemental Note I). Eq. (1) can

A A A T
be articulated as 0T =—HT,, where T=[71A I, - 7;,3] represents the

temperature field of whole"RPS:chain, H corresponds to the Hamiltonian operator and
i is the imaginary unit. ‘For theoretical analysis with periodic boundary conditions
(PBC), we close the chain by coupling the last B site back to the first A site, forming a
ring with an even,total number of sites s = 2N, where N is the total number of units. For
open boundary“eonditions (OBC) used in most situations, the chain is terminated,
resulting in an odd total number of sites s = 2N+1 (see detailed discussion with
boundary conditions in Supplemental Note IV). Consider an OBC thermal RPS chain,

thecorresponding Hamiltonian can be written as
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Di+D;+R-P, -D,- R =D +F

-Di+ P D, +D;+ P~ P, -D,-F,
-D -F -D,+P, 2D, +D,+ D, + P, =P, -D,-P, =D +FA
H= (i) : f Dy +P, D,+D,+P~P, -D,~P,
-D;+ R D2+D3+P,:_PZ -D,-PF,
-D-R -D,+P, Di+D,+F-H (2)

Without loss of generality, we assume P; = P3 and define R = P> / P3 as the
skewness parameter for exploring the thermal energy dynamics. The RPS chain can be
thought of as a one-dimensional chain of nonlinear oscillators because each isolated
RPS cycle represents a local oscillator in which heat oscillates between the different
sites. When P; >> D; (j = 1,2,3), thus D; in the Hamiltonian can be neglected, and the
Hamiltonian H becomes antisymmetric (see Supplemental Note I for details). When D;
and P; are at the same order of magnitude, both will influence the topological properties
significantly. In the following, intricate temperature distribution patterns depending on
the skewness parameter R are revealed.

Temperature localization and robustness in thermal RPS chain

For skewness R < 1, more thermal energy is moved to the right dae to the smaller
P> in the RPS cycle, resulting in the maximum temperature in the right boundary of the
RPS chain, which corresponds to the progressive polarization towardthe right boundary
over time regardless of the initial conditions [Fig. 2(a)]. Conversely for R > 1, more
thermal energy is moved to the left and a left-boundary.pelarization emerges [Fig. 2(c)].
For R = 1, there is no-biased net thermal energy and theytemperature field preserves
homogeneity across the whole chain [Fig. 2(b)}. This temperature localization becomes
manifest as a decay of the average temperature per site along the chain direction. We
quantify this polarization by evaluating the average temperature of each site. The
temperature profile exhibits a jaggedpattern, alternating between A and B sites. When
examined separately, the temperatures of A sites across different units show a consistent
gradient, as do the B sites [Fig. 2(d-f)]. Such localization arises for any initial
temperature distribution“and=issintuitively demonstrated in a finite system (s = 13).
Remarkably, the skewness R exclusively determines whether the overall temperature
field polarizes to the left or right boundaries of the chain, while the values of other
parameters only‘influence the temperature values but not the direction of localization.

Although'the governing Hamiltonian H is derived from the transient equation [Eq.
(1)], the temperature distribution of the thermal RPS model eventually evolves toward
a Steady state after a certain period of time. To further investigate the transient
temperature characteristic of the thermal RPS chain, the initial temperature of each site
is'set to the reference temperature (7o = 293.15 K). Fig. 2(g-i) illustrate the transient
temperature distribution with skewness R = 0.5, 1 and 2. When R # 1, a temperature

localization effect emerges and strengthens over time. The direction of this localization
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remains consistent with the steady-state profile, while its magnitude increases
progressively, starting from an initially uniform distribution and eventually converging
to the final steady state. When R = 1, the heat transfer between each site forms a
dynamic equilibrium. Therefore, the temperature remains constant at the initial value.

We quantify the temperature localization by calculating the temperature-weighted
geometric center X, = IOL xT (x)dx / IOLT (x)dx , where L is the total length of thermal
RPS chain (see Supplemental Note II for details). When R = 1, the temperature is

uniform and thus X, coincides with the real geometric center X, = L/ 2 of the RPS
chain. In contrast, X, shifts from )?g when R varies, which could be used for
characterizing the temperature localization. When R <1, Xx,> X, , indicating that the

overall temperature undergoes polarization to the right. When R > 1, Xn< X/,
indicating that the overall temperature undergoes polarization to the left. The greater
the X, deviates from X, , the greater the polarization strength will be:

The above temperature localization demonstrates exceptional robustness against
both parametric disturbance and structural perturbations, Figs, 3a-3c illustrate the

polarization of temperature to the boundary when the“active transport coefficient are

perturbed as P =P (1+¢,), where P; is the active transport coefficient of the i-th

channel, and the perturbation &; are randomly ¢hosen within the set of {&;|-0.2<;<0.2}.
It is seen that the states of temperature localization are not affected by the perturbation
& with different R, indicating the greatirobustness against the disturbance. On the other
hand, the temperature localization“also, remains robust when extra coupling between
each site B is introduced, justids the predator-herbivore relationships in nature are

affected by external influences: Specifically, extra channels between each site B are
added to the RPS chain with an active transport coefficient £, =¢&-F [Fig. 3(d-f)].

These incorpofating, additional couplings (¢ = 0.3) fail to disrupt the fundamental
qualitative temperature localization direction.
Topological phase transition and Topological Band Theory

For R"= 1, thermal energy is uniformly distributed along the chain and the
temperature is homogeneous. Otherwise, any change in R will cause the temperature of
the entire system to start polarization and eventually lead to a new state of localization.
More generally, from our following calculations it turns out that it is not possible to

tune any set of active transport coefficients on the RPS chain such that one passes from
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localization at one boundary to the other boundary without crossing a transition point
at R = 1. Further research in the topological band theory will also support this view as
follows.
To further characterize the topological properties of RPS chain, we apply PBC for
calculating the Bloch Hamiltonian as
H(K) = (1) (2D,+D,+D,-P,+P,)—(D, —Pl)e”;k—(Dl +R)e™ —(D,-RB)-(D, +P2)e"k}(3)
~(D,+P)~(D,~B)e D,+D,~P,+P,

where k is the wavenumber in the Brillouin zone (BZ), defined as p=e*, k€(—n, m].
When P; >> D;, we ignore the diffusion coefficient D; and the Hamiltonian is simplified

as

H@y44{ 0

1)2_1)3+Pleik_Ple—ik 1)3—1)26%
~B+Pe™ B-B |

In non-Hermitian systems, conventional BZ fails to correctly predict the spectrum and
topological characteristic under OBC [5,52]. In order to analyze the( topological
localization phenomena, the non-Hermitian Bloch vector should be extended to
complex domain to recover the breakdown of bulk-boundary correspondence. This
implies that the usual Bloch phase factor ¢/ is generalized to B =’ = re’* and the
wavenumber acquires an imaginary part: k — k’= k — iln 7, The'legitimate values of S
trace out a trajectory in the complex plane, known assthe generalized Brillouin zone

(GBZ). The corresponding GBZ Hamiltonian is given by:
P,—P+Rp~RR_/ P—Pp

n(s)-(-4) | ©)

~P4+PR 55

The precise shape of GBZ can be found as follows. From the eigenvalue function
det[H(f)—EI]=0, a given E corresponds to'two S roots denoted as f1(E) and f2(E), then
the solution of equation f1(E) = f(E) determines the legitimate values of £ and 5. These
values of £ form a continuous_contour in the complex plane which is GBZ and the
corresponding eigenvalues'E are obtained to analyze the band structure and topological
properties of the RPSchain.

Figure 4(d) illustrates the GBZ with skewness R =0.5, 1 and 2. For skewness R=1,
GBZ is degenerated into BZ, which is a unit circle. For R<l, GBZ constitutes a
continuous contour lying entirely outside the unit circle. Conversely for R>1, the
contour lies entirely inside the unit circle. In all cases, the GBZ is not circular but a
continuous curve symmetric about the real axis [Im(5)=0] except for R = 1. The band
structures of thermal RPS chain in GBZ are depicted in Fig. 4(a-c) and 4(e-g), where
the horizontal axis is the argument arg(f). Here, arg(f)) = Re(k’), which represents the
real part of the complex wave-vector in the GBZ framework. The real part Re(£E) [Fig.
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4(a-c)] and imaginary part Im(E) [Fig. 4(e-g)] of eigenvalue of H(f) represent the
transmission and the dissipation of thermal energy respectively. First, the spectrum of
Re(F) exhibits two bands of eigenvalues on the GBZ, reflecting the two sides A and B
of a unit. For R = 1, the two branches intersect at arg(f) = 0, whereas for R # 1, they
are separated by a spectral gap. This gap closes only for R = 1 at arg(f) = 0, supporting
the view that R = 1 is the only critical point for topological phase transition. Secondly,
a clear transition is also observed in Im(F). For R = 1, H(f) is Hermitian, and all
eigenvalues are pure real, denoting the thermal dissipative behavior only. In contrast,
for R # 1, Im(F) presents a distribution with axial symmetry, and the band branches
intersect at arg(f) = 0. This marked change in the imaginary band structure across the
critical point R = 1 further corroborates the occurrence of a phase transition.

Since the eigenenergy spectrum collapses into an arc in GBZ (detailed comparison
between BZ and GBZ in Supplemental Note III), the topological invariant (winding

number W) is calculated in BZ as

W:i BZ%arg[H(k)—Eb]dk, (6)
where Ey is the reference point. Essentially, W gives the number of timesithe complex
eigenenergy encircles Ep. This topological invariant  serves as.an indicator of the
topological phase of thermal RPS chain. The relationship between=§/and the skewness
R are shown in Fig. 4(h). W=—1 and +1 correspond to temperature localization toward
the right (R < 1) and left (R > 1) respectively. A topological phase transition occurs at
R =1 and these two phases (R < 1 and R > 1) are topologically distinct, as one cannot
be deformed into the other without crossing efitical'point.

The eigenvalues 4 and eigenvectors/0f thet\OBC Hamiltonian for a finite thermal
RPS chain provide further evidence of'the phase transition. The Hamiltonian follows
the form given in Eq. (S9) and the results are illustrated in Fig. 5(a) (s = 81). As R
increases across the critical value)R =1, the two spectral branches exhibit a reversal in
their opening direction. The branch of R < 1 opens upward while the branch of R > 1
opens downward. Moré€over, an obvious gap emerges at A = 0 if R # 1. This zero point
corresponds to an” eigenmode where both propagation [Re(4)=0] and dissipation
[Im(4)=0] cease, indicating the steady state of the thermal RPS chain. The associated
eigenvectonis thusteferred to as the steady-state eigenvector. Further investigation of
the steady-state eigenvector is presented in Fig. 5(b) (s = 13). As for R < 1, the steady-
state eigenvectors localize toward the left (the region with the smaller V), with the
degree of localization becoming more pronounced as R decreases. Conversely for R >
1, the localization occurs toward the right (larger N), strengthening as R increases. At R
= 1, the eigenvectors are uniformly distributed across all sites. This spatial localization
behavior aligns fully with the observed temperature localization patterns. It is worth

noting that this localization is different from reported thermal skin effect [29,30], which
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focuses more on the temperature distribution / eigenvectors during transient processes,
while we are more concerned with the steady state. This is because reported thermal
skin effect is a purely passive dissipation process, under adiabatic boundary conditions,
heat will inevitably evolve toward a uniform distribution. While in our model, due to
the active thermal control driven by thermoelectric materials, the temperature field
evolves from an initial distribution and continuously accumulates toward a certain
direction, eventually forming a stable temperature localization profile. To quantitatively

characterize this localization, we introduce the inverse participation ratio (IPR), defined
as IPR = Z|¢i|4 , where @ denotes the amplitude at site i. Large IPR usually

corresponds to localization. Fig. 5(c) shows the normalized temperature deviation and
IPR under steady state with R varying from 0.5 to 2. At R = 1, the normalized
temperature deviation changes sign and the IPR reaches its minimum. These two
indicators jointly indicate that the localization of temperature and the localization of the
steady-state eigenvector are highly consistent in both direction and magnitudeThe
agreement between topological band theory and actual heat transport behavior strongly

supports the existence of a topological phase transition in the thermal'RPS.chain.

DISCUSSION AND CONCLUSION

Inspired by the cyclic restraint relationships among.biological populations in
nature, we establish a thermal RPS chain and~investigate the robust temperature
localization and topological phase transition with beth/phenomenology and topological
band theory analysis. The influence of the skeéwness parameter R on the direction of
temperature localization is analyzed, as well,as the robustness of thermal RPS chain
under parameter and structural perturbations. Further, the topological phase transition
that occurs at R =1 in thermal RPS chain is clarified with both temperature localization
phenomena and band structure ‘analysis. Owing to the progress on high-efficiency
thermoelectric materials and three-dimensional printing, thermal RPS chain’s ability to
robustly steer and docalize ‘heat to a designated boundary on demand has become
possible. This work successfully establishes a non-equilibrium thermal transport model
at the macroscopic level, laying the foundation for more topological thermal transfer

phenomena and paving ways for potential advanced thermal management technologies.

METHODS

The robust topological temperature localization in thermal rock-paper-scissors
chain is verified by the finite element simulations. In the simulation, we construct the

OBC model consists of 13 sites (N = 6) as shown in Fig. 2. The distance between each
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site is 30 mm. The material is set as copper with thermal conductivity x = 400
W-m™!- K1, density p = 8.9x10° kg m™3, and capacity ¢ =390 J- kg™!- K™!. The initial
temperature is set as 293.15 K and the boundary condition is set as adiabatic. The

simulated results are shown in Figs. 2 and 3.
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Figure 1. Schematic of thermal RPS chain. (a) Mutually restrictive-telationships of
three typical species of side-blotched lizards with orange-, blue-, and“yellow-colored
stripes. (b) Rock-Paper-Scissors Game. (c) Thermal RPS cycle with different active
transport coefficient P; and thermal diffusion coefficient D;. (d) Structure of thermal
RPS chain connected by a series of RPS cycles. Thermal, sites A and B can be regarded

as one unit cell.
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Figure 2. Temperature localization in thermal RPS chain (s = 13). (a-c) Temperature
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distribution of thermal PRS chain with skewness R = 0.5, 1 and 2. (d-f) Steady-state
temperature of sites A and B in thermal PRS chain with skewness R = 0.5, 1 and 2. (g-
1) Transient temperature change of each site in thermal PRS chain with skewness R =
0.5, 1 and 2.
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Figure 3. Robustness of temperature localization in thermal RP ."(a-c) Applied

disturbance on active transport coefficient P =E(1+ %"he corresponding

temperature distribution. The perturbation coefficient &, ted with the color of the
channel. (d-f) Structural perturbations and ex uplings with active transport
coefficient F,=¢&-F and the corresponding’t ture distribution. The structural

perturbations are denoted with gray ch.
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Figure 4. Band structure of thermal RPS Hamiltonian in GBZ. (a-c) Real part of
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eigenvalues of H(k) with skewness R=0.5, 1 and 2. (d) The GBZ of H(k) with skewness
R =0.5, 1 and 2. The dashed line is the unit circle (BZ, when R = 1). (e-g) Imaginary
part of eigenvalues of H(k) with skewness R=0.5, 1 and 2. (h) The topological invariant
W of thermal RPS chain with different skewness R.

Figure 5. Eigenvalues and eigenvectors of finite thermal RPS chain under OBC. (a)
Eigenvalues of real space Hamiltonian with different’ skewness (s = 81). (b)
Eigenvectors corresponding to zero eigenvalues with,/different skewness (s = 13). (¢)
Normalized temperature deviation # and IPR under steady state with skewness varying
from 0.5 to 2.
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