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Abstract: The rapid and accurate prediction of temperature fields in complex structures
remains a significant challenge in thermal engineering. Experimental approaches often
struggle to provide comprehensive data, while traditional full-order numerical methods
are hindered by their excessive computational demands. This study addresses these limita-
tions by developing a novel reduced-order extrapolation method that integrates proper
orthogonal decomposition (POD) with the finite volume method (FVM). We demonstrate
the efficacy of our approach through its application to multilayered thermally unstable
structures under non-periodic boundary conditions. The results reveal exceptional perfor-
mance in both prediction accuracy and computational efficiency. When validated against
experimental data and conventional FVM results, our method achieves a maximum relative
error of less than 5% while delivering a remarkable computational speed-up of more than
1400 times when running complex explosive structure simulations. Notably, our analysis
uncovers a critical limitation of POD: increasing the number of modes does not propor-
tionally enhance the prediction accuracy, due to inherent methodological constraints. This
innovative strategy offers promising potential for real-time temperature monitoring and
thermal protection in advanced engineering systems, particularly for complex devices
requiring precise thermal management.

Keywords: proper orthogonal decomposition; temperature field extrapolation; non-periodic
boundary conditions

1. Introduction
Engineering equipment is often faced with complex and variable operation conditions,

such as anomalous thermal stimuli, force stimuli, and electromagnetic stimuli [1–3]. In
particular, roughly 55% of the failures seen in equipment are caused by severe thermal
stimuli, and the thermal field analysis of equipment is critical [4,5]. It is impossible to obtain
comprehensive and accurate thermal field data through experiments using intrusive means.
Theoretically, numerical heat transfer theory can be used to simulate the temperature field
by establishing a heat transfer model for any complex structure [6–8]. However, a full-
order model such as this entails a large-scale system of algebraic equations, which requires
huge computational resources [9,10]. The tedious calculation process is a great obstacle
to the need for rapid thermal analysis and optimization, so it is necessary to introduce a
reduced-order model to accelerate their calculation.

The proper orthogonal decomposition (POD) method is one of the most commonly
used methods in the field of model order reducing [11–13], which is able to extract a set
of low-dimensional optimal POD bases from the huge physical field of its target, after
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which this set of optimal POD bases is used to approximate the original physical field.
The method was originally proposed by Pearson [14] in 1901 and is now widely used in
fields such as signal analysis, statistics, meteorology, and fluid mechanics [15–17]. Taking
the field of fluid dynamics as an example, Lumley [18] first applied the POD method to
turbulence research in 1967 when identifying coherent structures in the flow field, and
he processed the spatial correlation matrix directly. The method he used was named the
direct POD method. The dimension of the spatial correlation matrix is very large, being
comparable to the scale of the number of meshes, which severely limits the application of
the POD method. To address such problems, Sirovich [19] proposed the snapshot POD
method in 1987, replacing the spatial correlation matrix with the temporal correlation
matrix when the spatial dimension was larger than the temporal dimension, which greatly
reduced the computational cost. Since then, the POD method has been developed for
use in many contexts. In the field of heat transfer, Hazenberg et al. [20] established a
POD–Galerkin reduced-order model for the unsteady thermal conductivity problem of
a two-dimensional flat plate, which reduced the degrees of freedom of the system from
1452 to 5. Raghupathy et al. [21] developed the boundary-independent POD reduced-
order model. Georgaka et al. [22] coupled the POD-Galerkin method with the Navier–
Stokes equations for the unsteady flow and heat transfer problem of a three-dimensional
T-tube. The results showed that their method was hundreds of times faster than the
full-order model. Hu et al. [23] combined the POD reduced-order method with cubic
spline interpolation to study the cross-scale flow and heat transfer in an air-cooled island,
which significantly reduced the computational cost. He et al. [24] combined the POD
reduced-order method with deep learning to construct the relationship of POD mode
coefficients with different operating conditions for a steam generator. However, most
of the studies mentioned above are multi-case problems, the purpose of which is to use
the known solutions of parts of case studies for POD reduced-order problems to obtain
the solutions for other scenarios [25,26]. The method consumes huge resources for the
computation of numerical samples and it involves repetitive computation in terms of
the time scales. Luo et al. [27–29] proposed a reduced-order extrapolation algorithm
based on the POD method, which is a method that uses the known solution to quickly
calculate the solution for future scenarios under the same operating conditions. It is of great
importance to speed up the calculation of transient equations. There have been reduced-
order extrapolation algorithms combining the POD method with various types of numerical
methods such as the finite difference method, finite element method, finite volume method,
and boundary element method [30–35]. Unfortunately, most of the algorithms proposed
by researchers are based on two-dimensional structures and use structured grids. It is
difficult to calculate the temperature field of a three-dimensional structure under complex
boundary conditions [36–39], although progress has been made by researchers in some
areas, exploring a combination of Green’s function, the element-free Galerkin (EFG) method,
and so on [40–42].

In this work, the finite volume method using an unstructured grid has been selected to
be combined with the POD method, thereby constructing a rapid computational model for
the POD-FVM reduced-order extrapolation of heat transfer problems. We applied it to the
thermal field analysis of a multilayer thermally unstable structure under pulsating flame
boundary conditions. The proposed method solves the coupling problems of complex
structures, complex properties, and complex boundaries. Using the unstructured mesh
model for the reduced-order computation strongly promotes the application of the POD
reduced-order extrapolation method. It is meaningful for the monitoring and prediction of
the temperature field of the device and for thermal protection.
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2. Methodology
2.1. POD Reduced-Order Method

As an efficient method of order reduction, the POD technique can use fewer POD
modes to describe the original physical field well. The combination of POD and a numerical
method can better reduce the degree of freedom of the algebraic equations system of the
full-order model to the two-digit level, thus greatly reducing the numerical calculation time
and meeting the need for fast calculation or fast prediction.

Before using the POD order reduction method, appropriate sample data should be
prepared and assembled into a transient matrix. Since this paper mainly studies the solution
of unknown time periods in the calculation of an unsteady temperature field, the sample
data collected came from discrete data on a known time scale. The temperature T(x, ti)

of the unsteady temperature field at a specific time is recorded as a set of temperature
snapshots, then the temperature snapshots taken at different times are assembled into a
temperature transient image matrix T(x, t).

Firstly, finite orthogonal series expansion is used to approximate the original
system, namely:

T(x, t) ≈
N

∑
i=1

αi(t)φi(x) = T′(x, t) (1)

In the formula, T′(x, t) represents the POD’s approximate solution of the temperature
field system, α represents the coefficient of a linear combination of the POD modes, φ

represents the POD modes, and N represents the number of intercepted POD modes.
The POD is used to extract low-order important features from the data in the process

of system change, and then a combination of fewer POD modes and coefficients is used to
reconstruct the complex physical process. The criterion of POD mode selection is that the
reserved modes can achieve the best approximation to the temperature field, namely, the
error between the temperature transient matrix and the approximate temperature transient
matrix is minimal. The most widely used approach to solve the above problem is the
L2-norm, also known as the least-square estimation, which can be formulated as follows:

T′(x, t) = argmin
φi(x)

∥∥∥∥∥T(x, t)−
N

∑
i=1

αi(t)φi(x)

∥∥∥∥∥
2

2

(2)

The truncation error between the selected POD modes’ reconstructed temperature
field matrix T′(x, t) and the original temperature field matrix T(x, t) can be expressed
as follows:

error =
∞

∑
i=N+1

φT
i (T

′T′T)φi (3)

The Lagrange multiplier πi is introduced to establish the Lagrange function as:

φT
i Rφi = πi (4)

As can be seen from the above formula, the Lagrange multiplier πi is the eigenvalue
of the real symmetric matrix R and φi is the eigenvector of the real symmetric matrix R. Ac-
cording to the properties of the real symmetric matrix, it can be seen that the eigenvalues of
the matrix R are real numbers and the eigenvectors are orthogonal to each other. Therefore,
the truncation error can be expressed as:

error =
∞

∑
i=N+1

φT
i Rφi =

M

∑
i=N+1

πi (5)
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where M is the number of matrix eigenvalues.
As can be seen from the above formula, the truncation error can be calculated by the

sum of the (M-N) eigenvalues of the real symmetric matrix R. The eigenvalues of the real
symmetric matrix R are arranged from the largest to the smallest, and we select the first N
largest eigenvalues in order to minimize the sum of the truncated unreserved eigenvalues.
Therefore, the eigenvectors corresponding to the retained eigenvalues constitute the optimal
orthogonal mode set of the POD. The selection rules are as follows:

N = argmin{I(N) : I(N) ≥ γ} (6)

In the formula, I(N) is:

I(N) =
N

∑
i=1

πi

/ M

∑
i=1

πi (7)

where the γ refers to accumulated energy, which represents the proportion of the eigenval-
ues of the optimal POD mode set retained after interception and the sum of the eigenvalues
in the original mode set. Sirovich recommends γ ≥ 99%, but this can be adjusted appropri-
ately according to the specific research problem. The main feature of the POD method is
that it can provide the best approximation of the original system in the current data length
in terms of energy.

2.2. FVM for Unstructured Grid

The spatial discrete method of an unstructured grid has strong adaptability for complex
structures, but because it does not consider the regular topological relationship between
nodes and elements, the obtained grid data is disordered, and it is then necessary to artifi-
cially process the grid data to obtain the relationship between adjacent nodes and adjacent
elements. In order to facilitate the combination of the POD method and the unstructured-
grid finite volume method, this study employs a fully tetrahedral unstructured mesh for
three-dimensional structures.

Considering these three-dimensional, invariable physical properties, we use the un-
steady heat transfer equation:

ρc
∂T
∂t

= λ

(
∂2T
∂x2 +

∂2T
∂y2 +

∂2T
∂z2

)
+ s (8)

where ρ is the density (kg/m3), c is the specific heat capacity (J/(kg · K)), λ is the thermal
conductivity (W/(m · K)), and s is the generalized internal heat source (W/m3).

The unstructured grid discrete form of the heat conduction equation is derived using
the concept of the finite volume method. First, the volume fraction of the control unit P is
carried out, then the Gaussian divergence theorem is used to convert the volume fraction
into the surface integral, and it is assumed that the temperature of the control unit and the
size of the internal heat source are determined by the control point. Thus, we obtain the
following formula:

ρc
∂T
∂t

VP =
∫
SP

λ

(
∂T
∂x

+
∂T
∂y

+
∂x
∂z

)
d
→
S + sPVP (9)

Then, we split the surface integral, according to the direction of the temperature
gradient and the direction of surface normal. In the unstructured mesh, the interface flux is
not perpendicular to the interface, and there is a certain angle of θ between the element



Appl. Sci. 2025, 15, 3895 5 of 18

centroid vector and the normal direction of the surface. In order to realize flux linearization
in the non-orthogonal mesh, the surface vector can be split into:

→
S f =

→
E f +

→
T f (10)

where
→
E f , in the same direction as the element centroid vector, is able to write a part of the

diffusion flux as a function of TP and TE, such that:

∇TPE ·
→
S f = ∇TPE ·

→
E f +∇TPE ·

→
T f = E f

TE − TP
dPE

+∇TPE ·
→
T f (11)

The first term on the right side of the equation is called the normal diffusion component,
and the second term is called the illegal diffusion component, also known as the cross-
diffusion term.

In order to achieve a rapid POD reduction calculation, the minimum correction method
is used to process Equation (11) to make the cross-diffusion component as small as possible,
so as to ignore the influence of cross-diffusion [43]. This method does not need to solve the
temperature gradient at the interface, which is conducive to speeding up the calculation
speed within a reasonable error range. The calculation formula in the minimum correction
method is as follows: →

E f = (
→
e ·

→
S f )e = (S f cos θ)e (12)

Based on this formula, the display difference format (13) and implicit difference format
(14) of the unstructured mesh FVM are derived:

Tk
P = Fo∆∑ aPXTk−1

X + (1 − Fo∆∑ aPX)Tk−1
P +

sP∆t
ρc

(13)

Tk
P =

1
1 + Fo∆∑ aPX

(
Fo∆∑ aPXTk

X + Tk−1
P +

sP∆t
ρc

)
(14)

where k denotes a specific instant in time and k − 1 the previous one, with the time interval
between them being the time step ∆t. Fo∆ = λ∆t/ρcV is the grid Fourier number, which
can be used to judge the convergence of the display format, and 1 − Fo∆∑ aPX ≥ 0 is the
convergence criterion. aPX = SPX/dPX represents the ratio of the interface area and the
distance between node P and the adjacent node X. Obviously, aPX is different from the
control points of the four adjacent grids in the unstructured tetrahedral grid.

2.3. POD-FVM Reduced-Order Extrapolation Method

Using the Galerkin projection method as a bridge, the unstructured grid FVM discrete
equation is projected onto the low-order subspace of the finite POD modes, and then a
POD-FVM low-order format is constructed to complete the order reduction calculation.

Taking the two-dimensional heat conduction problem as an example, Figure 1 shows
the flowchart of the POD-FVM reduced-order extrapolation method proposed in the current
work. This method is divided into four steps:

1. According to the calculation results of FVM, select the beginning temperature field to
assemble the temperature transient matrix.

2. Decompose the temperature transient matrix with the SVD method to obtain the
POD modes, mode coefficients, and eigenvalue of the matrix. POD modes are ranked
according to the eigenvalue size.

3. Select the first N modes according to Equation (6) to form the optimal POD mode set
and then bring them into step 3 in Figure 1 to obtain the POD-FVM reduced-order
extrapolation format, which can solve the mode coefficients for a future time.
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4. Reconstruct the temperature field with Equation (1) to obtain the POD solution of the
temperature field in the future.
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3. Model Description
3.1. Complex Structure with Explosives

A complex structure with explosives is usually a system composed of different materi-
als and components. It mainly includes three parts: multilayer solids, an air interlayer, and
explosives. Figure 2 shows the physical model of the complex explosive structure used in
this study.
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Figure 2. Physical model of a complex explosive structure.

As shown in Figure 2, a complex structure with explosives contains five layers, in the
order of a carbon-phenolic layer, TC11 titanium alloy layer, thick air interlayer, 304 stainless
steel shell, and the PBX-9503 explosive. The thermal conductivities and the size of each
component used in the numerical simulation are shown in Table 1.
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Table 1. Thermal conductivities and thicknesses of the materials in each layer.

Material Thickness/mm Thermal
Conductivity/(W/m·K)

Carbon-phenolic 30 0.48
TC11 10 7.5
Air 35 0.038

304 stainless steel 5 19.5
PBX-9503 ϕ100 × 200 0.302

PBX-9503 explosive is a high-energy explosive that delivers the best comprehensive
performance. The explosive has the advantages of high energy density, excellent detonation
performance, and mechanical properties. The process of thermal decomposition is a
nonlinear process, which can be expressed by the Arrhenius zero-order reaction:

s = ρQZe(−
E

RT ) (15)

where ρ is the explosive density (kg/m3), Q is the reaction heat (J/kg), Z is the pre-factor
(1/s), E is the reaction energy (J/mol), and R is the ideal gas constant (J/(mol · K)). The
parameter values of the PBX-9503 explosive are shown in Table 2.

Table 2. The specific related parameters of the PBX-9503 explosive [44].

Parameter Value

ρ 1845 kg/m3

Q 4.78 × 105 J/kg
Z 4780/s
E 143, 900 J/mol
R 8.314 J/(mol · K)

3.2. Non-Periodic Thermal Boundary

The non-periodic thermal boundary concept is widespread in various scientific and
engineering disciplines. In order to reveal the influence of non-periodic thermal bound-
ary conditions on a thermal field, the flame boundary model is selected in this work.
The pool of fire is the most effective scenario for modeling a flame boundary. The large
eddy simulation has been applied for the flame simulation and gradient diffusion is the
turbulence model used to close the scalar flux and the SGS momentum terms in the
large eddy simulation. Radiation is introduced into the energy equation via the source
terms, based on the Stefan–Boltzmann law. In our method, the time step is dynamically
determined by an automated algorithm to simultaneously satisfy the Courant–Friedrichs–
Lewy (CFL) condition governing convective stability and the Fourier number criterion for
diffusive processes.

Therefore, the flame boundary and the complex structure with explosives are coupled.
Figure 3a shows the coupled model and the structure with explosives is completely sur-
rounded by the pool fire. Eight temperature measurement points are arranged in the model
to track the gas phase temperature of the flame, as shown in Figure 3b.

The temperature of the coupled model in the pool of fire for the first 500 s is calculated,
and the flame gas phase temperature of each measurement point is obtained. Figure 4
shows a graph of the temperature over time.
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ture, surrounded by the pool of fire; (b) the specific locations of the flame gas phase temperature
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The results show that the flame temperature on the same surface of the structure is
consistent; there is a great difference in the flame temperature on different surfaces, such
as when, after 300 s, the temperature of measurement point 4 is 350 K higher than that of
measurement point 6.

The reason for this difference in temperature on the various surfaces is the different
combinations of fuel steam and oxygen. Measurement points 4 and 5 are located on the
side of the structure (side surface) where the fuel steam and oxygen supply are sufficient.
Full combustion leads to high temperatures. Measurement points 6, 7, and 8 are located on
the upper surface of the structure (rear fire surface), and are not directly reached by the
flames; therefore, the temperature is low. Measurement points 1, 2, and 3 are located on
the lower surface of the structure (facing-fire surface), which are directly in contact with
the flame. The combustion on the facing-fire surface is insufficient due to an inadequate
oxygen supply, meaning that the temperature of the facing-fire surface is between the rear
fire surface and the side surface.

According to the above conclusions, the pulsating flame temperatures measured on
the different surfaces can be assigned to the structure. Then, the simulation of heat transfer
between the flame and the wall and the simulation of heat transfer inside the complex
structure with explosives can be conducted. The heat transfer model of the structure
boundary is shown in Figure 5, which is mainly divided into two parts: the thermal
radiation

.
q′′

r of the high-temperature flame and the heat convection
.
q′′

c of combustion.
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Figure 5. Heat transfer mode between the flame and the wall.

Therefore, the formula for calculating the total heat flux
.
q′′ is:

.
q′′ =

.
q′′

c +
.
qr
′′ = h(Tg − Tw) + σF(εgT4

g − εwT4
w) (16)

where Tg represents the gas phase temperature of the flame, Tw represents the temperature
of the outer wall of the structure, h is the convective heat transfer coefficient, σ is the Steffen-
Boltzmann constant, F is the angle of view coefficient, and εg and εw are the emissivity of
the flame flue gas and the wall of the structure, respectively.

4. Results and Discussions
Based on the coupled model of a structure with explosives under flame boundary

conditions, we carried out thermal field analysis and conducted rapid prediction. The POD-
FVM reduced-order extrapolation method was employed and the influence of different
POD modes on the results was analyzed.

4.1. Selection of POD Mode

The POD mode is critical to ensure accurate extrapolation. A snapshot was selected at
1-second intervals and a total of 500 snapshots were selected, based on the FVM numerical
solution, and assembled into the temperature snapshot matrix in the following form:

T =


T1

1 T2
1 · · · Tn

1
T1

2 T2
2 · · · Tn

2
...

...
...

...
T1

m T2
m · · · Tn

m


m×n

(17)

where m is the number of units and n is the number of snapshots.
Then the matrix (17) was decomposed and a total of 500 POD modes and their eigenval-

ues were obtained. The POD modes can be arranged according to the energy determined by
the eigenvalues. The percentage of energy of each POD mode can be calculated according
to the following formula:

I(i) =
πi

M
∑

i=1
πi

× 100% (18)

Figure 6 shows the energy ratio of the first 20 POD modes and the accumulated energy
ratio of the reserved POD modes. It is evident that the first mode occupies the dominant
energy ratio, reaching 86%, while the energy ratio tends to be 0 after the fifth mode. The
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accumulated energy of the first six modes has reached 99%, which basically reflects the
main characteristics of the original temperature field.
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Figure 6. The energy ratio of the first 20 modes and the accumulated mode energy ratio.

Figure 7 shows the 500th second normalization temperature of the structure, extracted
from the first six POD modes. It can be seen that the first mode, which occupies the
main energy, basically reflects the temperature field trend. Low-order modes with less
energy constantly modify the boundary and the overall temperature field value within a
small range.
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Figure 7. The first six POD modes of the 500th second temperature field.

The amount of POD modes to be retained is calculated by setting the accumulated
energy γ according to Equation (6). Table 3 shows the number of POD modes that should
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be retained for the different accumulated energy values of γ and the energy ratio of each
mode set.

Table 3. Selection of the POD mode set.

Mode Set γ Value Number of POD Modes Energy Ratio

1 99% 6 99.2004%
2 99.9% 13 99.9029%
3 99.99% 26 99.9906%
4 99.999% 55 99.9990%

The different POD mode sets are brought into the POD-FVM reduced-order extrap-
olation method to predict the thermal field. In the following sections, the accuracy and
calculation cost of the reduced-order extrapolation method will be analyzed.

4.2. Accuracy Analysis of POD-FVM Reduced-Order Extrapolation

The key thermal indicators of a structure with explosives are temperature and explo-
sion time. Figure 8 shows the temperatures of the cut surface of different mode sets after
1500 s. Except for the Z positions of 5 mm and 355 mm for mode set 1, the other mode sets
have similar temperatures to the FVM result and show good agreement across all the cuts.
This is due to the inability to capture slight energy thermal field trends in the case of low
mode sets. As a result, the high-temperature areas are additionally highlighted. The devia-
tion is gradually eliminated as the number of mode sets increases. From the temperature of
the cut surfaces, the comprehensiveness of the thermal field in the extrapolation results of
the algorithm can be demonstrated.

Appl. Sci. 2025, 15, x FOR PEER REVIEW 11 of 18 
 

The amount of POD modes to be retained is calculated by setting the accumulated 
energy γ   according to Equation (6). Table 3 shows the number of POD modes that 
should be retained for the different accumulated energy values of γ  and the energy ratio 
of each mode set. 

Table 3. Selection of the POD mode set. 

Mode Set  γ Value Number of POD Modes Energy Ratio 
1 99% 6 99.2004% 
2 99.9% 13 99.9029% 
3 99.99% 26 99.9906% 
4 99.999% 55 99.9990% 

The different POD mode sets are brought into the POD-FVM reduced-order extrap-
olation method to predict the thermal field. In the following sections, the accuracy and 
calculation cost of the reduced-order extrapolation method will be analyzed. 

4.2. Accuracy Analysis of POD-FVM Reduced-Order Extrapolation 

The key thermal indicators of a structure with explosives are temperature and explo-
sion time. Figure 8 shows the temperatures of the cut surface of different mode sets after 
1500 s. Except for the Z positions of 5 mm and 355 mm for mode set 1, the other mode sets 
have similar temperatures to the FVM result and show good agreement across all the cuts. 
This is due to the inability to capture slight energy thermal field trends in the case of low 
mode sets. As a result, the high-temperature areas are additionally highlighted. The devi-
ation is gradually eliminated as the number of mode sets increases. From the temperature 
of the cut surfaces, the comprehensiveness of the thermal field in the extrapolation results 
of the algorithm can be demonstrated. 

 

Figure 8. Temperature of the cut surfaces with different mode sets after 1500 s. 

By harnessing the POD-FVM reduced-order extrapolation method, the precise mo-
ment of detonation is swiftly forecast. Mode sets 2, 3, and 4 accurately predict the 

Figure 8. Temperature of the cut surfaces with different mode sets after 1500 s.

By harnessing the POD-FVM reduced-order extrapolation method, the precise moment
of detonation is swiftly forecast. Mode sets 2, 3, and 4 accurately predict the explosion
time, whereas mode set 1 does not. Figure 9 compares the explosion time predicted by
the reduced-order method with the experimental data and delineates the relative errors
for the various mode sets. Among the four mode sets, mode set 3 achieves the lowest
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relative error at 3.46%, with the maximum error remaining below 10%. This evidence
supports the conclusion that the reduced-order model accurately predicts the explosion
time. Moreover, the analysis indicates that the limited number of snapshots hinders the
method’s ability to accurately capture the strong nonlinear heat transfer processes inherent
in the explosion. This insufficiency results in the excessive smoothing of localized hot spots
within the explosive material, ultimately causing mode sets that incorporate more modes
to predict a delayed explosion time.
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Figure 9. Comparison of the explosion times of different mode sets. The graph in the upper left
corner shows the temperature cloud at the moment of the explosion; the colors are only indicative of
the temperature.

The analysis in Section 3.2 and the simulated explosion time results show that the
temperature change on the facing-fire surface of the structure is much more drastic. Specifi-
cally, the temperature change at the junction of the facing-fire surface and the side of the
structure is critical and will reflect the detonation point of the explosive. Therefore, in order
to further analyze the temperature field in each layer of the structure, three representative
points are selected. Figure 10 shows the location of these three points.
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Figure 11 shows the temperatures of three representative points predicted by the
POD under each mode set, calculated by FVM. The temperatures are calculated for the
first 1700 s.
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Figure 11. The temperature of different points under each mode set in comparison with the FVM
result: (a) temperature at point 1, (b) temperature at point 2, and (c) temperature at point 3.

It is evident that the temperature predictions at points 1 and 2 are successfully captured
by four POD mode sets, and the temperature pulsation characteristics at point 3 are
also successfully captured. Each layer of the structure with explosives achieves thermal
protection and the temperature decreases from the outside to the inside.

In order to quantitatively examine the influence of different mode sets on the prediction
results, the relative error formula is used to calculate the error of each point versus time:

δe =
|TPOD − TFVM|

TFVM
× 100% (19)

where TPOD represents the temperature obtained by the POD of each POD mode set, and
TFVM represents the temperature obtained by the FVM standard solution.

Figure 12 shows the relative error curves of each point with Equation (19). The results
reveal that the relative error of mode set 1 and mode set 2 are larger than for mode set
3 and mode set 4 at point 1 and point 2. Notably, the errors accumulated gradually increase
with time. The maximum relative errors of mode set 1 and mode set 2 reach 11.84% and
11.53%, respectively, at point 1. At point 2, the values drop to 8.46% and 3.43%. Moreover,
there is a huge shift in the upward trend of the error of mode set 1 and mode set 2, rising at
point 1 and point 2 when the time exceeds a time point. For example, the error of mode set
1 at point 1 shows a steep rise after 1000 s. However, at point 3, all four mode sets show
good prediction ability, except in the early stages, where the relative error reaches 19.7%. A
comparison study of the temperature data in Figure 11 reveals that this is due to the error
introduced by the nature of the POD algorithm, namely, that the POD algorithm captures
the main trends.
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Figure 12. Relative error of different points under each mode set: (a) point 1, (b) point 2, and
(c)point 3.

Moreover, the relative error of mode set 3 and mode set 4 with more POD modes is
smaller than for mode set 1 and mode set 2 at each point. The maximum relative error of the
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three points is less than 5%. Thus, increasing the number of modes can compensate for the
inherent shortcomings of the POD algorithm. However, this is accompanied by an increase
in computational cost, which we will demonstrate in more detail in the next section.

4.3. Computational Cost of the FVM and POD-FVM Reduced-Order Extrapolation Method

There is a consensus that the remarkable advantage of the POD order-reduction
method is its fast calculation speed because of the great reduction of the degree of freedom
of the algebraic equations system. Figure 13 shows the degree of freedom of each POD
mode set. Mode set 1 reduces the number of degrees of freedom of each time-step algebraic
equations system from 830,995 to 6 compared with the FVM method, achieving cross-order
reductions. Although there is a slight increase in the degrees of freedom as the number
of modes increases, a significant reduction is achieved compared to the traditional FVM
method, as shown in Figure 13.
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The degree of freedom of the system of algebraic equations determines the calculation
speed. Figure 14 shows the total time for calculating 1500 time steps by FVM and the
reduced-order method for each mode set. The POD reduced-order time is divided into three
parts: the POD decomposition time of the temperature snapshot matrix (decomposition),
the time of mode coefficient extrapolation (extrapolation), and the time of reconstruction of
the future temperature field (reconstruction).

Appl. Sci. 2025, 15, x FOR PEER REVIEW 14 of 18 
 

the three points is less than 5%. Thus, increasing the number of modes can compensate 
for the inherent shortcomings of the POD algorithm. However, this is accompanied by an 
increase in computational cost, which we will demonstrate in more detail in the next sec-
tion. 

4.3. Computational Cost of the FVM and POD-FVM Reduced-Order Extrapolation Method 

There is a consensus that the remarkable advantage of the POD order-reduction 
method is its fast calculation speed because of the great reduction of the degree of freedom 
of the algebraic equations system. Figure 13 shows the degree of freedom of each POD 
mode set. Mode set 1 reduces the number of degrees of freedom of each time-step alge-
braic equations system from 830,995 to 6 compared with the FVM method, achieving 
cross-order reductions. Although there is a slight increase in the degrees of freedom as the 
number of modes increases, a significant reduction is achieved compared to the traditional 
FVM method, as shown in Figure 13. 

 

Figure 13. Comparison of the degrees of freedom of different methods. 

The degree of freedom of the system of algebraic equations determines the calcula-
tion speed. Figure 14 shows the total time for calculating 1500 time steps by FVM and the 
reduced-order method for each mode set. The POD reduced-order time is divided into 
three parts: the POD decomposition time of the temperature snapshot matrix (decompo-
sition), the time of mode coefficient extrapolation (extrapolation), and the time of recon-
struction of the future temperature field (reconstruction). 

 

Figure 14. Comparison of the calculation time of 1500 steps using different methods. Figure 14. Comparison of the calculation time of 1500 steps using different methods.

Compared with the calculation time for the FVM with the POD, it can be seen that
the total calculation time of 1500 time steps after POD reduction is less than 200 s for each
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mode set, which is about 1400 times faster than the 2.83 × 105 s needed with the FVM
method. If the time taken to obtain the snapshot matrix is also included in the calculation
time taken with the POD-FVM method, the calculation time needs to be added to another
9.43 × 104 s. As a result, this is still a 76.6% improvement over the FVM method. The
calculation speed has been greatly improved, highlighting the superiority of the POD-FVM
reduced-order extrapolation method.

By comparing the calculation times of the four mode sets, the mode set with the
greater degree of freedom takes longer to finish the calculations. The decomposition time is
around the same for each mode set because of using the same temperature snapshot matrix.
The extrapolation time and reconstruction time were affected by the degree of freedom.
Thus, the calculation time shows a pattern of increasing with the increase in the degree
of freedom.

5. Conclusions
We have developed a traditional proper orthogonal decomposition method, based

on which, further extrapolation calculations were achieved by combining this with the
FVM method. The temperature field of a complex three-dimensional structure can be
predicted quickly and accurately. To validate the performance of the proposed algorithm,
the multilayer thermally unstable structure and pulsating flame boundary conditions were
selected and tested. Working according to the theory of accumulated energy, four mode
sets were applied to conduct the investigation. The selection of POD modes had a greater
impact on the extrapolation results; a mode set composed of more POD modes can improve
the accuracy of the extrapolation results, although it will increase the calculation time
accordingly. However, the prediction of explosion time is not positively correlated with the
number of modes. The results obtained by the proposed method show good agreement
with the experimental data and the FVM results. The relative error will increase as the
extrapolation time increases in the small number mode set. At the same time, regardless
of the number of POD modes, the disadvantage that the POD only captures the main
trend is obvious, and further optimization of the algorithm is needed. The POD-FVM
reduced-order extrapolation method reduces the degrees of freedom of the system from a
magnitude of 105 to 101, which greatly improves the computational speed by more than
1400 times. Above all, fast thermal field analysis under non-periodic boundary conditions
is achieved, and this may aid in solving critical challenges in the rapid reconstruction
and prediction of the temperature fields of sophisticated components, thereby enabling
monitoring, diagnosis, and protection.
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Abbreviations
The following abbreviations are used in this manuscript:

MDPI Multidisciplinary Digital Publishing Institute
DOAJ Directory of open-access journals
TLA Three-letter acronym
LD Linear dichroism
Nomenclature
c heat capacity Greek symbols
d distance of grid centroid α coefficient of POD modes
E reaction energy γ accumulated mode energy
→
E vertical interface vector δ relative error
→
e unit vector ε emissivity
F angle of view coefficient θ grid angle
Fo∆ grid Fourier number λ thermal conductivity
h heat transfer coefficient π eigenvalue
I proportion of eigenvalues ρ density
i one unit in the modes σ Steffen–Boltzmann constant
M total number of modes φ POD mode
N number of modes selected
Q reaction heat Subscripts and superscript
.
q′′ heat flux c convection
R gas constant E grid point
→
S surface vector f grid interface
s generalized heat source g flame gas
T temperature k time
→
T thermal diffusion vector P grid point
T(x,t) temperature field matrix r flame radiation
T′(x,t) approximate temperature field matrix s spray
∇T temperature gradient w wall
∆t time step X adjacent grid point
V volume of the grid
Z pre-factor Abbreviations

FVM finite volume method
POD proper orthogonal decomposition
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