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A B S T R A C T

Topological edge states offer a powerful platform for understanding and manipulating waves, encompassing clas-
sical electromagnetic and acoustic wave systems and condensed matter systems. Though topological states have
been recently extended from wave to thermal diffusion systems, their realization is still confined to pure thermal
conduction, unable to provide a general discussion as lacking access to thermal advection. Here, we attempt to
extend the concept of topological edge states from diffusion to diffusion-advection dynamics and reveal the dy-
namically adjustable counterpart topological edge states. The varying ratios of inter- to intra-coupling advection
coefficients can profoundly impact the time evolution of thermal systems, precipitating the emergence of distinct
topological states, which cannot happen in a pure conduction system. The diffusion-advection systems are non-
Hermitian with eigenvalues consisting of the imaginary component corresponding to diffusion rate and the real
component corresponding to advection rate. Upon deriving the governing Hamiltonian of a thermal lattice, we
observe the emergence of topological edge states in the gap of bulk states. Additionally, we present a compara-
tive analysis that underscores the unique thermal properties of bulk and edge states enabled by the thermal ad-
vection term. Our work paves the way for the exploration of topological states within thermal diffusion-
advection systems and potentially provide distinct paradigms for efficient thermal management and thermal pro-
tection.

1. Introduction

Thermal metamaterials have witnessed significant progress in ma-
nipulating heat flow, ranging from developing capable design methods
like transformation thermotics [1,2], scattering cancellation [3], and
optimization algorithms [4–6], attempting advanced thermal function-
alities like thermal printing [7] and thermal encoding [8], exploring
promising applications scenarios like advanced printing circuit boards
[9,10], military camouflage [11,12] and illusion devices [13], to re-
vealing the underlying physics like topological edge states, thermal
nonreciprocity [3,14,15], thermal nonlinearity [16], coherent perfect
absorption [17], etc. Topological physics in heat diffusion is still in its
infancy, rather than its counterparts in quantum mechanics and classi-
cal wave systems such as electromagnetics, acoustics, mechanics, and
condensed matter. The prosperous developments of topological physics
in the latter two kinds of systems have refueled the scientific and tech-
nical developments significantly, such as topological insulators [18–21]
and Weyl semimetals [22], enabling various practical applications be-

yond the imagination of the last century including topological lasers
[23–26] and nanocavity-based sensors [27–29].

Recent advances have further expanded the realm of topological
states from wave systems to thermal diffusion systems [30–32] and be-
yond [33,34]. Diffusive topological edge states have been experimen-
tally and theoretically observed in 1D thermal lattices [35] and 2D ther-
mal networks [36–38], respectively. The emergence of topological edge
states in anti-Hermitian systems, characterized by purely thermal diffu-
sion, or in non-Hermitian systems that incorporate advective heat
transport, hinges on the introduction of thermal advection [39]. By in-
troducing advection, the diffusion-advection systems are non-
Hermitian with eigenvalues consisting of an imaginary part corre-
sponding to diffusion rate and a real part corresponding to advection
rate. Moreover, the non-Hermitian skin effect may exist in such systems
[40,41]. Yet, the realization of such topological states within thermal
diffusion-advection systems has not been achieved thus far.

In this work, we extend the concept of topological phases to the
realm of diffusion-advection dynamics, crafting a one-dimensional
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topological thermal transport model. By conducting thorough theoreti-
cal analyses and numerical simulations of the temperature field, we de-
rive the Hamiltonian of the diffusion-advection system. Our findings re-
veal how the ratio of inter- to intra-coupling advection coefficients,
demonstrated as σ, influences the emergence of diverse topological
edge states. This investigation could lay the groundwork for the cre-
ation of innovative thermal metamaterials, which may have significant
implications for topological thermal insulation, enhanced thermal man-
agement, and controlled directional heat transfer.

2. One-dimensional thermal topological model

In order to migrate the notion of topological phases from wave sys-
tems to diffusion-advection dynamics, we develop a one-dimensional
thermal topological model. In this model, both heat diffusion and heat
advection with site -1 and +1 exist for any given site . As illus-
trated in Fig. 1a, we demonstrate the process of deriving the discretized
form of the thermal diffusion-advection equation. The temperature at
the site depends on the heat transfer process between it and its neigh-
boring sites. The overall model exhibits a unified set of characteristics
pertaining to density , heat capacity and the distance between two
neighboring sites . In the process of heat transfer, thermal energy is
propelled not merely by pure conduction but also by the directional
movement of mass. With thermal advection, the heat flow can be trans-
ported into or away from the site at a rate . By introducing
the heat advection term, the thermal diffusion equation

evolves into the heat diffusion-advection equation
. In Fig. 1a, and denote the effec-

tive thermal conductivity and thermal advection velocity between site
-1 and , respectively. In the process of heat transfer in the one-

dimensional thermal topological model, the progression of the temper-
ature field can be derived as

(1)

where is described as the temperature at site , denotes the
heat flux between thermal site -1 and due to thermal diffusion, and
the latter term represents the derivative of temperature with respect to
time caused by thermal advection. Further derivation of Eq. (1) gives

(2)

By normalizing thermal diffusion coefficient
and thermal advection coefficient

between thermal site -1 and , the derivative of
temperature with respect to time at site can be described as

(3)

Furthermore, we construct a one-dimensional periodic thermal lat-
tice as depicted in Fig. 1b based on the aforementioned model. Each pe-
riodic thermal unit cell is constituted by two sites characterized as A
and B. We see from Eq. (3) that the progression of the temperature field
in the periodic thermal lattice can be delineated as

(4)

(5)

Here and are designated as the temperature at site B in peri-
odic cell ǀ and site A in periodic cell ǁ, respectively. The thermal unit
cells are connected by inter-couplings with the normalized thermal dif-
fusion coefficient D1 and normalized thermal advection coefficient V1,
while within the cellular structure, sites A and B are linked by means of
intra-couplings with the normalized thermal diffusion coefficient D2
and normalized thermal advection coefficient V2. In the event of N ther-
mal cells, it can be reasonably deduced that these cells are intercon-
nected to constitute a one-dimensional infinite periodic thermal lattice.
The governing evolution of the temperature in the periodic thermal lat-
tice takes the form as

(6)

Fig. 1. Schematics of the one-dimensional thermal topological model. (a) Schematic representation of the heat transfer process between site -1 and ( and
+ 1). (b) One dimensional infinite periodic thermal cell. Each unit cell is comprised of sites designated as A and B, respectively. The inter-coupling is denoted by D1

and V1, while the intra-coupling is represented by D2 and V2. (c) Schematic diagram of the topological thermal lattice structure. In this structure, the trivial cells and
the nontrivial cells consisting of different intra-couplings are connected to form a circle, separated by domain wall A and B. The direction of the heat advection veloc-
ity between the sites is along the arrow in the figure.
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where represented by the
temperature field at a given time t is comprised of elements referring to
the on-site temperatures. Inserting N equations analogous to Eqs. (4)
and 5 into Eq. (6), the governing Hamiltonian of the periodic thermal
lattice can be derived as

In contrast to the thermal diffusion system, the governing real-space
Hamiltonian of the thermal diffusion-advection model is non-Hermitian
rather than anti-Hermitian for the dissipative nature of not only heat
diffusion but also heat advection. Consequently, the eigenvalue ω con-
sists of the imaginary component corresponding to the thermal diffu-
sion rate and the real component referring to the thermal advection
rate.

We consider two types of unit cells separated by domain wall A and
B in the topological thermal lattice, as shown in Fig. 1c, in which differ-
ent unit cells are composed of different intra-couplings. The unit cell
with the greater intra-coupling is demonstrated as the trivial cell,
whereas the unit cell with the greater inter-coupling is illustrated as the
nontrivial cell. The intra-coupling and inter-coupling advection coeffi-
cients can be controlled by employing a specific ratio . In or-
der to calculate the band structure of the lattice, we apply the Fourier

transformation to Eq. (3). The Bloch Hamiltonian of the periodic dif-
fusion-advection thermal lattice in the reciprocal space can be written
as

(8)

In accordance with the elements situated on the antidiagonal of the
Bloch Hamiltonian in the reciprocal space, we can ascertain the wind-
ing number calculated as

(9)

The winding number band structure in the lattice is illustrated in
Figs. 2a and b. As σ increases, the two branches of the winding number
band coalesce at , and then both W1 and W2 vanish to zero. In ad-
dition, we illustrated the top view of the winding number band to facil-
itate observation of the dividing line as W2 is altered. Subsequently, we
demonstrated the eigen spectra in the trivial and nontrivial cells when
the thermal diffusion coefficients D1 and D2 are fixed equally. It is sig-
nificant to point out that various outcomes can be observed by adjust-
ing the ratio of the thermal advection coefficients σ, as depicted in Fig.
2c and d. In the case where , the intra-coupling thermal advection
coefficient (V2) is greater than the inter-coupling thermal advection co-
efficient (V1). The system is defined as a topological trivial state due to
the presence of the trivial cells. As σ is increased from 0 to 1, the peak

Fig. 2. (a) Winding number band structure in the periodic thermal lattice. W1 and W2 assume the same value as zero in the region where V1 is less than V2. Con-
versely, in the region where V1 is greater than V2, W1 and W2 are split to −1 and 1, respectively. (b) Top view of Fig. 2a. (c, d) Eigen spectra in the trivial and nontriv-
ial cells when the thermal diffusion coefficients D1 and D2 are fixed equally. The arrow indicates the direction of increase in σ, and the orange dashed line illustrates
that the decay rate remains constant when V1 is equal to V2.
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value of the energy band at k = 0 is observed to decrease, and the col-
ors of the lines in the eigen-spectrum become lighter, until the energy
band becomes a horizontal line at (as the orange dashed line
shown in Fig. 2c). Conversely, when , the inter-coupling thermal
advection coefficient (V1) is greater than the intra-coupling thermal
advection coefficient (V2). The system is now demonstrated to be in a
topological nontrivial state due to the presence of the nontrivial cells.
As σ increases from 1, the peak value of the energy band also increases
in a corresponding manner. It is worth noting that a distinct alteration
in the energy band occurs, which is characterized by a transition from
a single peak to two peaks. The aforementioned alteration serves to in-
dicate the existence of edge states.

3. Observation of thermal topological edge states

In order to observe the thermal topological edge states in the ther-
mal diffusion-advection system, we construct a topological thermal lat-
tice as illustrated in Fig. 1c. Separated by domain wall A and B, the triv-
ial cells and nontrivial cells are distributed on the left and right side of
the lattice, respectively. The direction of the heat advection velocity be-
tween the thermal sites is along the arrow in the center of Fig. 1c. A to-
tal of 24 thermal sites are arranged in the thermal lattice comprising 6
trivial unit cells located in the left and 6 nontrivial unit cells situated in
the right. In accordance with Eqs. (4–6), we can obtain the governing
Hamiltonian of the topological thermal lattice in the presence of do-
main walls as

By solving the eigenvalues of the real-space Hamiltonian, the ther-
mal diffusion rate spectrum of the periodic thermal lattice and topologi-
cal thermal lattice have been delineated as depicted in Fig. 3. When the
thermal advection coefficients V1 and V2 are both set to zero, the ther-
mal diffusion-advection system is degraded into a thermal diffusion sys-
tem, reflecting the purely dissipative nature of heat conduction. Then,
its corresponding eigenvalue ω is purely imaginary and correlates with
the thermal diffusion rate. From the eigen spectra, it can be observed
that only bulk states exist in the periodic thermal lattice. In contrast,
two distinct edge states emerge within the decay-rate gap of bulk modes
in the topological thermal lattice, as indicated in Fig. 3a. Edge state ǀ
and ǁ can be identified by means of the corresponding eigenvectors.
Edge state ǀ exhibits a symmetric mode profile at domain wall A,
whereas edge state ǁ demonstrates an asymmetric mode profile at do-
main wall B, as denoted in Fig. 3b. The eigenvectors of edge state ǀ are
mainly distributed in the middle, whereas those of edge state ǁ are
mainly distributed at the position of two boundaries. The distinction
between the two edge states is attributed to the disparate thermal diffu-
sion coefficients that pertain to the regions surrounding the two domain
walls. In the case where neither V1 nor V2 is zero and , the
governing Hamiltonian is no longer anti-Hermitian since heat transfer
includes heat diffusion and heat advection in the thermal diffusion-
advection model. Thus, the eigenvalue ω consists of the imaginary part
denoted as thermal diffusion rate and the real part indicated as thermal
advection rate. The thermal diffusion rate is employed as the horizontal
axis, whereas the thermal advection rate is utilized as the vertical axis

(presented in Fig. 3c). Similar to the case of thermal diffusion system,
edge states do not exist in the periodic thermal lattice, while the topo-
logical thermal lattice exhibits edge state ǀ and ǁ inside the thermal dif-
fusion rate gap of bulk states in the thermal diffusion-advection system.
Theoretical derivations reveal that once the number of sites reaches a
critical threshold, the bulk states evolve into two elliptical rings, as in-
dicated by the dashed lines in Fig. 3c. Concurrently, the edge states are
found to reside within the band gap that separates these two elliptical
rings. It is worth mentioning that edge state ǀ and ǁ both indicate asym-
metric mode profiles at domains A and B, resulting from the unidirec-
tionality of the heat advection velocity. At domain wall A, the thermal
site and its adjacent sites are connected with greater thermal advection
coefficients. Consequently, the heat transfer of edge state ǀ is more
rapid. At domain wall B, the site and its adjacent sites are connected
with less thermal advection coefficients. As a result, the heat of edge
state ǁ is transferred more slowly. The direction of thermal advection
aligns with the direction of ascending thermal sites, so we can observe a
higher concentration of eigenvectors on the right side of the peak com-
pared to the left side in Fig. 3d.

Furthermore, in theoretical calculation, the eigen spectra of the pe-
riodic thermal lattice and topological thermal lattice are depicted in
Fig. 4. In the periodic thermal lattice as indicated in Figs. 4a and b, the
thermal diffusion rate spectrum and the thermal advection rate spec-
trum only exhibit bulk states, regardless of velocity ratio or .
In other words, no edge states appear in the system if the thermal unit
cells are arranged periodically. When , the thermal diffusion rates
and the thermal advection rates are almost uniformly distributed. In the
case where , the lattice consists of trivial unit cells. As σ increases,
the thermal diffusion rate band merges and the band gap narrows,
demonstrating an increase in the ratio of inter- to intra-coupling advec-
tion coefficients, whereas the thermal advection rate band remains al-
most unchanged. When , the lattice is comprised of nontrivial unit
cells. Conversely, there hasn't been much change to the thermal diffu-
sion rate band as σ increases. Besides, the amplitude of the thermal ad-
vection rate band increases, indicating that the thermal advection coef-
ficient is increased in the meantime. Additionally, in the topological
thermal lattice as illustrated in Figs. 4c and d, the eigen spectra show
similar trends to the spectra in the periodic thermal lattice. As σ in-
creases, denoting an increased ratio of inter- to intra-coupling advec-
tion coefficients, the thermal diffusion rate band also becomes progres-
sively narrower, while the thermal advection rate band tends to be
widened. When , there are not too many changes in the thermal
diffusion and advection rate bands, which indicates that edge states do
not occur in the system. Conversely, when , edge states are pre-
sented in the topological thermal lattice. The positions of the edge
states remain unchanged in the middle of the thermal diffusion rate
band as the bandwidth narrows, demonstrating that the position of the
edge state in the thermal diffusion lattice is independent of the ratio of
inter- to intra-coupling advection coefficients σ, as denoted in Fig.4c.
Besides, as σ increases, the amplitude of the thermal advection rate
band becomes larger and edge states are distributed at the position of
two boundaries of the thermal advection rate band, as indicated by
their corresponding eigenvectors. Consequently, it can be observed
that the distinction between edge states marked with red dots and bulk
states marked with black dots is getting more pronounced as σ in-
creases in Fig.4d, resulting from the increased thermal advection coef-
ficient. The eigenvectors corresponding to the edge states are almost
distributed at the position of two boundaries, exhibiting identical posi-
tions with the eigenvalues. The change in σ increases the difference be-
tween the thermal advection coefficients V1 and V2, which leads to an
increase in thermal advection rate, i.e., the real part of the eigenvalue
ω of the edge states in the system. These differences in mode profiles
between the periodic thermal lattice and the topological thermal lat-
tice emphasize the crucial influence of the arrangement of the thermal
unit cells in our one-dimensional thermal topological model.
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Fig. 3. Observation of topological edge states in the topological thermal lattice. (a) Decay-rate bands and mode profiles in the periodic thermal lattice and
topological thermal lattice in the absence of thermal advection. (b, d) Comparison of eigenvectors under edge state ǀ in domain wall A and edge state ǁ in domain
wall B in the presence and absence of thermal advection. (c) Decay-rate bands and mode profiles in the presence of thermal advection.

Due to the appearance of these edge states, the on-site temperature
at the domain wall decreases at a different rate, compared to that in the
bulk state. In addition to theoretical calculations, numerical finite-
element method simulations using COMSOL Multiphysics are also con-
ducted to further validate this phenomenon. We develop a topological
thermal lattice to form a circle as indicated in Fig. 1c and the material
in simulation is aluminum 6063-T83 (thermal conductivity λ=201W/
(m •K), density ρ=2700kg/m3 and heat capacity Cp=900J/ (kg •K)) in
COMSOL Multiphysics. The radii of the thermal site and topological lat-
tice are set as 0.06 m and 1.02 m, respectively. Thus, the distance be-
tween two thermal sites can be calculated as 0.267 m. We set 293 K as
the room temperature and 400 K as the initial temperature on the
heated thermal site. In addition, the ratio of inter- to intra-coupling ad-
vection coefficients σ is set as 9 to demonstrate edge states and we regu-
late σ by adjusting the thermal advection velocity. The velocity of ther-
mal advection can be achieved by driving fluid through an electromag-
netic actuation module on each site, which has been proven feasible
[39]. We assign the initial temperature to the thermal sites correspond-
ing to edge state ǀ, edge state ǁ and bulk states respectively, and monitor
their on-site temperature evolution with time. The temperature is nor-
malized with Tnorm=ln[(T-Tr)/(Ti-Tr)], where Tr is the room tempera-

ture and Ti is the initial temperature of heated thermal site. Conse-
quently, the normalized temperature evolutions for edge state ǀ, edge
state ǁ and bulk states in the topological thermal lattice are illustrated in
Fig.5a. In theoretical terms, the eigenvalue of the system is anticipated
to diminish exponentially as time progresses, with the decay rate corre-
sponding to the imaginary component of the eigenvalue. At edge state ǀ
in domain wall A, the thermal site and its neighboring sites are associ-
ated with larger thermal advection coefficients. Therefore, the heat dis-
sipation of edge state ǀ is more rapid and the normalized temperature
decreases at a faster rate. At edge state ǁ in domain wall B, the site and
its neighboring sites are associated with lower thermal advection coeffi-
cients. As a result, the heat of edge state ǁ is dissipated more slowly and
the normalized temperature decreases at a slower rate.

The temperature field distribution of different states is demon-
strated in Figs. 5b–d. After 100 s, the highest temperature of edge state ǀ
has descended to 339.4 K, while the highest temperature of bulk state is
342.3 K and that of edge state ǁ is still 342.9 K. It is obvious that the
temperature of edge state ǀ exhibits the most rapid decline, followed by
bulk state and edge state ǁ, and the temperature reduction at edge state
ǁ proceeds at a pace that is marginally slower compared to the bulk
state. The outcomes from both numerical simulations and theoretical

5
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Fig. 4. Eigen spectra of periodic thermal lattice and topological thermal lattice structure. (a, b) Decay rate and eigenfrequency (imaginary and real part)
spectrum of the periodic thermal lattice. (c, d) Mode profiles and eigen spectrum of the topological thermal lattice.

Fig. 5. (a) Time evolution of normalized temperature for the bulk state, edge state ǀ and edge state ǁ under topological thermal lattice structure. (b-d) Temperature
field distribution of the bulk state, edge state ǀ and edge state ǁ in the topological thermal lattice (t = 100 s).
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calculations agree well, thereby confirming the precision of our model
in depicting the thermal field of the actual heat transfer system.

4. Conclusion

In summary, we integrated thermal advection into purely diffusive
heat-transfer systems to investigate the dynamically adjustable topolog-
ical edge states in the one-dimensional thermal lattice via theoretical
analysis and simulation validation, revealing two topological edge
states ǀ and ǁ. Upon deriving the Hamiltonian of the thermal lattice, we
discerned the onset of topological edge states within the gap of bulk
states. Notably, the edge state ǀ exhibits a swiftly diminishing and local-
ized temperature profile under the domain-wall sphere excitation. We
demonstrated how the ratio of inter- to intra-coupling advection coeffi-
cients σ impacts the emergence of various topological edge states. Our
results may stimulate further exploration of topological states of matter
in diffusion-advection systems beyond 1D system. Moreover, these in-
sights are anticipated to enrich our comprehension of topological ther-
mal protection and temperature management, promising to facilitate
the development of innovative thermal systems with topologically
guaranteed robustness.
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