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The ability to actively control local states in thermal lattice provides critical insights into nonequilibrium
thermodynamics and enables novel approaches to energy management across nano to macroscopic scales. The
process of thermalization in thermal lattice is a kind of neighboring interactions due to the media- and path-
dependent characteristic of Fourier’s diffusion, rendering the significant challenge for remote control of local
thermal state. Here we construct the time-independent Hamiltonian of a thermal lattice system with consider-
ation of conduction and convection simultaneously and derive the optimal external command for active control
of local thermal states. We implement three thermal targeting control—insulation, synchronization, and
fluctuation—by modulating power inputs and precisely monitoring temperature evolution to demonstrate the
validity and powerfulness of remote spatiotemporal control of local thermal states. Our work paves the way for
remote spatiotemporal control of thermal states and provides efficient alternatives for advanced active thermal

management in complex architectures.

1. Introduction

Controlling thermal states offers fundamental insights into
nonequilibrium thermodynamics in interacting thermal lattice. It es-
tablishes a direct connection between a system’s thermal trajectories
during relaxation and the external physical constraints imposed upon it.
Moreover, it provides a means to relate the system’s dynamical evolu-
tion to its fundamental limits in heat exchange [1,2] and energy dissi-
pation [3]. Precise thermal regulation is particularly critical in thermally
sensitive platforms such as quantum processors [4], mechanical meta-
materials [5,6] and biological sensors [7,8]. It further supports the
development of thermal logic gates and memory elements, forming the
foundation of thermal information processing [9]. Local temperature
control enhances the stability and operational lifetime of materials and
devices [10]. In energy harvesting systems, directed heat flow signifi-
cantly increases power output. Additionally, thermal control aids in
synchronizing coupled processes in complex architectures, ensuring
coherent and reliable operation [11-13].

However, the manipulation of heat diffusion has been long
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considered not as flexible as electromagnetic waves [14] as illustrated in
Fig. 1(a), since the latter can be remotely controlled without media. In
contrast, heat diffusion is a kind of neighboring interactions due to the
media- and path-dependent characteristic of Fourier’s law [15-17]. By
analogy to Hamiltonian in quantum physics [18-20], local thermal
states can be manipulated spatiotemporally with topological
anti-Hamiltonian properties [21], enabling many intriguing phenomena
such as thermal nonreciprocity [22-25], non-Hermitian skin effect [26],
anti-parity-time symmetry [27] and topological edge states [28-32] etc.
Thus, via some approximate external commands, active control of local
thermal states has garnered increasing attentions not only for revealing
the rich topological physics but also for developing related technologies
for active thermal management [33]. If so, we can control local thermal
states with target temperature for local heating or cooling, either with
invariant temperature for thermal insulating states and thermal pro-
tection, or with customized time-varying temperature for dynamic
thermal management. A recent theoretical attempt has shown a general
framework for controlling thermal states in classical many-body systems
via thermal radiation theoretically [34]. Yet, such remote control of
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local thermal states has not realized experimentally.

In this work, we construct the time-independent Hamiltonian of a
thermal lattice system with consideration of conduction and convection
simultaneously and derive the optimal external command for active
control of local thermal states. By applying the external power command
to specific site, we present proof-of-concept demonstration with thermal
insulation and thermal synchronization of local states in a thermal lat-
tice system composed of solid elements interacting cooperatively via
both conduction and convection numerically and experimentally.
Furthermore, we demonstrate the remote control of thermal fluctuation
for different sites. We offer a general protocol for controlling local states
in thermal lattices that has never been directly accomplished so far with
potential for accurate dynamic thermal management.

2. Derivation of Hamiltonian and optimal control protocol

To implement remote spatiotemporal control of local thermal states,
we construct a thermal lattice model with N sites, both thermal energy
exchange at each site through heat conduction with its neighbors and
through thermal convection with the ambient thermal bath at temper-
ature T as illustrated in Fig. 1(c). All the local thermal states namely the
temperature evolutions T(t) = [T1(t), T2(®), ..., TN(t)]Jr with time t are
what we mainly concern here. A typical illustration of remote spatio-
temporal control can be easily understood that we inject the site- and
time-dependent thermal power at an arbitrary site i within the reachable

0Ty, = [(A-14 /3PCo) Tir1 + (Aigin1/a5pCo) Tivi1 ] — [(Aie-14x + Aiviic1) /5G] T

7h(Tix — Tb)/aopCp.

domain and control the local thermal state at the target site j across the
unreachable domain. Such unreachable domain can be understood as
out-of-reach region such as encapsulated or isolated scenarios, and we
can only control their thermal state remotely from the accessible
reachable region, which is the exact necessity and significance of
developing the remote control of thermal states. In our study, as all the
sites are coplanar and around room temperature, we neglect the thermal
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radiative transfer in the system, and only consider the heat conduction
and natural convection. As a result, the heat transfer in the thermal
lattice can be modeled in a one-dimensional discretized sphere-rod
model, where the spheres denote the site in thermal lattice, and the
rods denotes coupling of neighboring sites. We assume all the thermo-
physical properties are constant, and assume each site is temperature
uniform with rather small Biot number, the governing continuity partial
differential equation yields

atQix :pcpatTix = - V(qcand + qconv)7 (1)

where Q;, indicates the internal heat energy at site i, per unit volume, p
and C, are the density and thermal capacity of site i, and T;, denotes the
on-site temperature at site i,. As depicted in Fig. 1(b), Gcond = Qi i,+1 —
gi,—1,, is designated as the heat flux between neighboring sites due to
heat conduction and qcony = h(T;, —T}) represents the heat flux between
site i, and the external bath due to heat convection according to New-
ton’s law of cooling. Thus, Eq. (1) can be rewritten as

o/T;, = — (;06;1)71 (Givir1 — Giv-14) / @0 — h(pcp)il(Tix —Ty) / o, (2)

where g; 1, is described as the heat flux between sites i,-1 and i, with
constant distance ag, h denotes the convective heat transfer coefficient
and Ty is defined as the environmental temperature. By assuming linear
heat conduction and according to Fourier’s law of heat conduction
q(x,t) = —AVT(x,t), further derivation of Eq. (2) leads to

3

By defining excess temperature 6;, = T; — T, effective thermal diffu-
sivity Dy 14, = Ai,-14, (pCpaOzfl and thermal convection coefficient
C, = h(pCpao)fl, the derivation of excess temperature with respect to
time at site i, can be described as

0:0;, =Dy, _14,0i,11 + Dy, 105,41 — (Dyy-14, + Dy i1 + Gy, )6, ()]
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Fig. 1. Schematics for remote thermal control. (a) Schematic diagram for remote control of electromagnetic signal and thermal signal. (b) One-dimensional sphere-
rod model of heat transfer process in thermal lattice. The spheres denote the site in thermal lattice, and the rods denotes coupling of neighboring sites. (c) Schematic
representation for a general one-dimensional thermal lattice where spatiotemporal power is applied onto site i in reachable domain to control the local temperature
of site j in unreachable domain. The inset picture denotes the temperature evolution of site j.



Q. Liu et al.

Then the time evolution of all the excess temperatures 6(t) = [61(t),
05(0), ..., On(D] T in this system can be formally reformulated in matrix
form

0.0(t) = —iH-0(t), (5)

where H indicates the governing Hamiltonian of the thermal lattice with
ﬁix,ix = —(Dy—14 +Di 541 +Ci,), ﬁix—l.i)( =Dy _1; and ﬁix.i,+1 =D i1
By inserting N equations analogous to Eq. (4) to Eq. (5), the governing
Hamiltonian H can be derived as

[D12+ D1y +Cy =D 0
=Dy Di2+D23+Cy  —Da3
H=-i : —Di1i; Di1i+Dii1 + G
0
L 7D1,N 0

As only the nearreset neighoring interactions are considered in the
sphere-rod model, the heat transfer process in the thermal lattice yields a
tridiagonal N x N Hamiltonian. Note that the elements in H depend on
the site geometry, thermophysical properties, and natural convection.
Due to ciruclar boudnary condition as shown in Fig. 1(c) the H; y and
H N1 are nonzero. As all the elements in H are real numbers in our study,
H describes the dissipative nature and is anti-Hermitian which is
different from the Hamiltonian in quantum system [4]. If we inject
spatiotemporal power P(t) = [P1(t), ..., Pi(t), ..., Pn(D)] * onto the sites in
the reachable domain, we can transform Eq. (5) as

0.0(t) = M-0(t) + P(t), )

where M = —iH. By means of solving the PDE matrix, all the thermal
states 0(t) = [61(1), 02(D), ..., On(D] T at any given time t take the form as
[34]

t
0(t) =R(0, )8, +/ R(z,t)P(7)dr, (€))
0
where R represents the resolvent of Eq. (7) and 8y = [61(0), 62(0), ...,
On(0)] * denotes the initial thermal state. Since the elements of H and M
(i.e., thermophysical properties) are time-independent, heat transfer in
the thermal lattice is reciprocal, thereby allowing the resolvent R to be

simplified to the exponential matrix of M and thus designated as

R(s,t) :exp{/jﬁ(r)dr} :exp[ﬁ~ (t—s)]. ()]

3. Remote control for thermal insulation

The first thermal targeting problem is to control the single-site
temperature invariant with respect to time of site j in a system, i.e.
Tj(t) = constant, by means of either injecting an external power
P;_j(t) (i#]) onto site i [Pi_;(t) > 0] or extracting the external power
from site i [Pl-_,j(t) < 0} , such that the command vector reads as P(t) = [0,
Y TN (3 0]*. We designate the target time evolvement of tem-
perature at site j as T;g(t) so that the target excess temperature is

described as ng(t) = T;g (t) — Tp and introduce the following first kind
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Volterra integral equation

t
V() = / exp (M- (t — 7)],Pi(r)dz 10)
0
in order to facilitate the calculation of the adequate required power
control function at site i. According to Eq. (8), the relation between the
Volterra integral equation and the heat transfer process of this system
reads as

Vi(t)=0%(t) — Y _exp (M-t); 0o an
X
0 —Din |
0
—Diin (6)
—Dn-an-1 Dyan-1+Dyin+Cy —Dy 1w
0 —Dy 1w Dy-1n+Din+Cy |

The coupled solution of Egs. (10) and (11) yields both the Volterra
integral equation formulation Vj(t) and the optimal external power
control input P;_j(t). Furthermore, the temporal evolution of the tem-
perature at any untargeted spatial site x (x#jori) is non-trivially
modulated by the control intervention, as formally expressed through
the constitutive relation:

t

0:(t) = exp (M-t) ;0o + /O exp [M-(t — 7)],P;_;(r)dr, 12)
k

where 3 exp (/I\Z-t)kaOk characterizes the autonomous thermal
evolvement at site x, governed by the self-consistent dynamics of the
system in the absence of external control, quantified the intrinsic ther-
mal coupling between adjacent sites and environmental interactions
under equilibrium conditions Tp.

In addition, we further establish the necessary conditions required
for maintaining thermal insulation at a specific site j. This constrained
dynamic equilibrium is governed by the conservation law a[T;g(t) =0so
that the time derivative of excess temperature at the target site j satisfies
6t9]7g (t) =0 [T;g(t) 7Tb} = 0. The solution of this thermal insulation
control problem can be rigorously derived by taking the temporal dif-
ferentiation of Eq. (10) which couples the external power control to
localized thermal dynamics. This derivation methodology yields the
fundamental constraint equation for admissible power control, the
Volterra integral equation of the second kind:

t
AVt = /0 M exp (M-t — )],P_; (1)dz + Py (1), as)

The central objective of thermal insulation at site j is mathematically
achieved by performing time derivative on Eq. (11). This operational
calculus yields a control-theoretic constraint that establishes the oper-
ator equivalence between the Volterra integral formalism of the second
kind and the prescribed thermal insulation target at site j:

9V;(t) =00, (t) — > My exp (M-t); 0ok 14)
k

Next, we validate the above theoretical framework through numerical
simulations and experimental measurements. We fabricate the
aluminum circular ring (channel) with five circular disks with radius r =
2 cm (aluminum alloy 6063-T83 with thermal conductivity 4 = 201 W/
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Fig. 2. Validation of thermal insulation via simulations and experiments. (a) Schematic for experimental setup of thermal insulation. The external power P; is
injected onto site 1. A thermal camera is employed to observe the temperature evolutions in different sites. (b—c) Temperature evolutions at sites #1, #2 and #3 and
the external powers P;_5(t) and P;_3(t) for thermal insulation at 350 K of site #2 (b) and site #3 (c), respectively. (d—f) Temperature fields in simulations and
experiments at (d) t = 1 min, (e) t = 10 min and (f) t = 30 min for thermal insulation at site #2. Geometries in both simulations and experiments are the same while
the experimental geometries are zoomed out for better comparative illustration.

(m-K), density p = 2700 kg/m3 and heat capacity C, = 900 J/(kg-K)) as
shown in Fig. 2(a). The aluminum circular ring has the same geometric
parameters with the lattice constant ap = 12.5 cm and the ring channel
width d = 1 cm. The geometry is fabricated by wire electrical discharge
machining with a fabrication tolerance of 0.2 mm. Given that all site
surfaces are coplanar, radiative heat transfer between them is consid-
ered negligible. All these parameters were chosen according to the
designed thermal diffusion coefficients, e.g., D; ; +1 between two disks i,
and i, + 1. In the experiment, we use a thermoelectric heater controlled
by PCB circuits to heat up the designed site, and employ a thermal
infrared camera (FLIR T1010) and thermocouples (TE 3001) to measure
the temperature evolutions.

The fabricated sample is embedded in an external bath at tempera-
ture T, = 300 K, and the site temperatures of these disks are initially held
at temperatures T7(0) = T2(0) = T3(0) = T4(0) = T5(0) = 300 K unless
specifically claimed hereinafter. The external command P;(t) is injected
onto site #1 for different functionalities and the spatiotemporal power
input is controlled by PCB control circuits. A thermoelectric heater is
attached to site #1, with adjustable power according to the formula of
P1(t). Finite element simulations are performed to numerically resolve
the heat transfer process, encompassing heat conduction inside the lat-
tice, heat convection with the external bath, and the input spatiotem-
poral power, thereby obtaining the spatiotemporal temperature fields to
verify the experiments and theoretical framework.

As the first demonstration, we designate site 2 as the target thermally
insulated domain with a fixed target temperature at 350 K, i.e., TS(t) =
350 K, and apply the appropriate time-dependent external power
P;_o(t) derived from Egs. (13) and (14) onto site #1 for thermal insu-
lation control. Due to geometry symmetry, the temperature evolutions
of sites #2 and #5 will be the same, of sites #3 and #4 will be the same.
As indicated in Fig. 2(b), the temperature evolutions at sites #1, #2 and
#3 increases until reaching a plateau and the equilibrium temperature at
site #2 (T2) is 350 K, just as the designed target T (t) = 350 K. Similarly,
we can also designate site #3 as the target thermally insulated domain

with ng(t) =350 K and the optimal time-dependent external power
input P;_,3(t) is applied onto site #1 in the same way. It is seen in Fig. 2
(c) that the temperature at site #3 increase first and saturate at 350 K
eventually, which implies that we realize thermal insulation at site #3.
Both the time-dependent external power inputs P;_5(t) and P;_3(t) are
also shown in Fig. 2(b) and (c), respectively, and they are different for
different target sites. The temperature field evolutions in both experi-
ments and simulations at t = 1 min, 10 min and 30 min agree very well,
as shown in Fig. 2(d)-2(f). It is seen that heat is transferred from site #1
to #3 and #4 in a symmetric way gradually with controllable temper-
atures at either #2 or #3, implying the accuracy and powerfulness of the
aforementioned remote spatiotemporal control framework for thermal
insulation.

4. Remote control for thermal synchronization

The proposed remote spatiotemporal control framework not only can
be used to control a single-site local thermal state, but also can be
applied to control multiple-site local thermal states. The second thermal
targeting problem involves achieving temperature synchronization
among multiple sites during transient relaxation process. To remove the
geometry symmetry, we derive multiple optimal external commands to
synchronize the temperature evolution of multiple targets. The simplest
thermal synchronization problem is to find two external power controls
P;(t) and P;(t) applied on sites i and j in this system in order to syn-
chronize the temperature evolutions at two sites x and y Tx(t) and Ty (t)
along the thermal relaxation. Therefore, the external command vector
can be described as P(t) = [0, ..., P(t), ..., P;(t), ...,0] T we designate the

target temporal excess temperature evolutions at sites x and y as Higy(t) =
T
[fog(t) 6;? (t)] and it is straightforward to show that the appropriate

power controls Py(t) = [Pi(t) Pj(t)r are solutions of the matrixial
Volterra integral equation
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_ [*[Ra(z,t) Ry(z,1) 3
V() = /0 (Rﬁ(m) Ry;(m))p, (1)dr. (15)

In accordance with Eq. (8), the relation between the matrixial Volterra
integral equation and the heat transfer process of this system is recast as

Va0 =005 - (401 o a6

By coupling Egs. (15) and (16), both the Volterra integral equation
formulation V,,(t) and the optimal external power control input Py(t)
can be derived. Furthermore, we establish the necessary conditions
required for maintaining thermal insulation when the excess tempera-
tures at sites x and y are synchronized, i.e., 0t0f§,(t) =0,[6¢ 6 }T =0.
The solution of this thermal target control problem can be rigorously
derived by taking the temporal differentiations of Egs. (15) and (16).
This derivation methodology yields the fundamental constraint equation
for admissible power control, the Volterra integral equation of the sec-
ond kind:

00,5 (t) — zk: (Ekaxk(O, :)) > O = /0 ‘ at(R)ﬂ:(r, ;) RXJ:(T, t) ) py(r)dr

17

In order to observe the thermal synchronization, we put the experi-
mental sample in an external thermal bath at temperature T, = 300 K
and all the local thermal states are initially at temperatures T;(0) =
T2(0) = Ts(0) = T4(0) = 300 K and T5(0) = 350 K. We designate sites #3
and #5 as the target thermally synchronized domain, i.e., T5(t) =

a

t=1min

t=10 min
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T#(t) = 350 K and apply the appropriate external power controls P; (t)
and P(t) derived from Egs. (15) and (16). As indicated in Fig. 3(b), the
temperature evolution at site #5 decreases first and then increases
gradually with a plateau at 350 K, while the temperature evolution at
site #3 gradually increases and saturates at 350 K. This is due to the
different initial conditions at sites #3 and #5. Both the temperatures at
site #3 and #5 are the same eventually, validating the thermal syn-
chronization of the local thermal states at target sites. Besides, both the
time-dependent P;(t) and Py(t) are also shown in Fig. 3(b). The simu-
lated and experimental temperature fields at t = 1 min, 10 min and 30
min agree very well in Fig. 3(c)-3(e). It is seen that at the beginning, the
temperature at site #5 is highest due to the initial condition. As time
elapses, heat is transferred in the system with external commands
injected onto sites #1 and #2 in an asymmetric way, and eventually
achieves the similar temperatures at sites #3 and #5, implying the ac-
curacy and efficacy of the aforementioned remote spatiotemporal con-
trol framework in thermal synchronization.

5. Remote control for thermal fluctuation

The previous thermal insulation and synchronization aims at con-
trolling the target sites at constant temperature, and the third thermal
targeting problem is to control the target temperature with fluctuational
property. As the first attempt of thermal fluctuational control, we
designate site #2 as the target fluctuational controlled domain, i.e.,
TE(t) = 350 + 4 sin(1.2t +0.8) K and the external power command P1(t)
derived from Egs. (10) and (11) is injected onto site #1. As illustrated in
Fig. 4(a), due to the fluctuation properties of the target temperature
(purple dash line), all the temperatures at different sites are fluctuated.

360 T T T T T T
350 |— - -
340 - e
.
(]
é 330 - .
©
g 320} .
£
]
'_
310 | s
Time (min)
300 |- === Sim. #5 Exp. #5 1
=== Sim. #3 ~———Exp. #3
290 1 L L 3 1 1
0 10 20 30 40 50

Time (min)

: T
t= 30 min mn

Fig. 3. Validation of thermal synchronization via simulations and experiments. (a) Schematic for experiment setup of thermal synchronization. The external powers
P; and P, are injected onto site #1 and #2, respectively. A thermal camera is employed to observe the temperature evolutions in different sites. (b) Temperature
evolutions at sites #3 and #5 and the external powers for thermal synchronization. (c-e) Temperature fields of simulations and experiments at (¢) t = 1 min, (d) t =
10 min and (e) t = 30 min. Geometries in both simulations and experiments are the same while the experimental geometries are zoomed out for better comparative

illustration.
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Fig. 4. Validation of thermal fluctuational control at a single site. (a) Temperature evolution of thermal states when site #2 is the target site with TS (t) = 350+
4sin(1.2t +0.8) K. (b) Temperature evolution of thermal states when site #3 is the target site with T5(t) = 350 + 4 sin(1.2t +2.3) K.
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Fig. 5. Validation of thermal fluctuational control at multiple sites. (a) Schematic representation for setup of fluctuational synchronization control. The external
power command P; and P; are injected onto sites #1 and #2 in order to realize thermal fluctuational synchronization at sites #3 and #5. (b) Temperature evolutions
at all thermal sites and the temperature overlap at sites #3 and #5 implying the prescribed target fluctuational synchronization function.

Similar to Fig. 2(b), the temperature evolution at site #2 gradually in-
creases but fluctuates after the fluctuated external power command P;(t)
is injected. After t = 30 min, the temperature evolution at site #2 (red
solid line) gradually coincides with the prescribed target temperature
(purple dashed line). Then, we designate site #3 as the target fluctua-
tional controlled domain, i.e., T§(t) = 350 + 4 sin(1.2t +2.3) K and the
external power command P;(t) is injected onto site #1. Likewise, as
presented in Fig. 4(b), the temperature evolution at site #3 (blue solid
line) gradually coincides with the target fluctuational temperature
(purple dashed line) after the external power command P;(t) is injected.
It is worthy of mention that the temperature fluctuations at site #1 in
Fig. 4(a) and (b) are largest in order for the temperature fluctuations to
be transmitted to site #3.

As the second attempt of thermal fluctuational control, we perform
required external power command onto two sites to achieve target
fluctuational synchronization at another two sites. We designate site #3
and site #5 as the target fluctuational synchronization sites, i.e., T;g(t) =

TE(t) = 350 4 1.5 sin(1.2t +3.5) K. The external power command P1(t)
and P,(t) are injected onto site #1 and site #2 respectively to achieve
fluctuational control so that the temperature evolutions of the target site
#3 and site #5 converge to our prescribed thermal target fluctuational
synchronization control as denoted in Fig. 5(a). As illustrated in Fig. 5
(b), the temperature evolution at site #3 gradually decreases and then
increases while the temperature evolution at site #5 is always increasing

after the external power command P;(t) and Py(t) are injected. After t =
30 min, the temperature evolution at site #3 (black solid line) coincides
with the temperature evolution at site #5 (red solid line) and then Ts3(t)
and Ts5(t) gradually converge toward the target fluctuational synchro-
nization temperature (pink dashed line) and fluctuates.

6. Conclusion

In summary, we propose a general protocol for remote spatiotem-
poral control of local temperature at the target sites in a thermal lattice.
We construct the time-independent Hamiltonian of a thermal lattice
system with consideration of conduction and convection simultaneously
and derived the optimal external command to inject or extract power
from the specific sites. Typical thermal functionalities, i.e., thermal
insulation and thermal synchronization, are demonstrated theoretically,
numerically, and experimentally. Besides, the remote control of thermal
fluctuation is also demonstrated via fluctuation control. While the
experiment is a five-site setup, the system can be significantly extended
to more sites or two/three-dimensional scenarios. In our study, we as-
sume linear heat conduction, invariant thermophysical properties, and
neglect thermal radiation to derive the remote spatiotemporal control
protocol, but the present protocol can be further adjusted to extend the
application scenarios where these assumptions are broken. Moreover,
the thermal lattice can be scaled if only the application can be modeled
as sphere-rod model, and the temperature control precision need to be
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re-evaluated. Of course, the local temperature may be controlled by
mounting on-chip heaters/cooler with feedback electric circuit, but such
traditional ways cannot be applied if the target sites are unreachable.
Our study paves a new way for active thermal regulation via remote
spatiotemporal control protocol and provide efficient alternatives for
advanced thermal management in complex architectures.
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